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Let R be a subring of Q containing | or R = ¥ p with p > 3. Let (A, d) be a differential 
graded algebra (dga) such that its homology, H(A,d), is i?-free and is the universal 
enveloping algebra of some Lie algebra L . Given a free i?-module V and a map d : V — > A 
such that there is an induced map d! : V — > L Q , let B denote the canonical dga extension 
(A II TV, d) where TV is the tensor algebra generated by V. iJB is studied in the case 
that the Lie ideal [d'V] C L is a free Lie algebra. This is a broad generalization of the 
previously studied inert condition. An intermediate semi-inert condition is introduced 
under which the algebraic structure of iJB is determined. 

This problem is suggested by the following cell attachment problem, first studied by 
J.H.C. Whitehead around 1940. For a simply-connected finite-type CW-complex X, 
denote by Y the space obtained by attaching a finite- type wedge of cells to X. Then 
how is the loop space homology H*(£IY;R) related to H*(QX; R)7 In some cases this 
topological problem is described by the previous algebraic situation. Under a further 
hypothesis it is shown that if if*(f2X; i?) is generated by Hurewicz images then so is 
H*(£IY; R) and if R C Q then the localization of ttY at R is homotopy equivalent to a 
product of spheres and loop spaces on spheres. 

It is well-known that if the coefficient ring is a field, Lie subalgebras of free Lie algebras 
are also free. To help implement the above results this fact is generalized, giving a simple 
condition guaranteeing that Lie subalgebras of more general Lie algebras are free. 
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Part I 



Introduction and Mathematical 



Review 



i 



Chapter 1 

Introduction and Summary of 
Results 



In the chapter we introduce and summarize our results and give an outline of the thesis. 



1.1 Introduction 

In algebraic topology one seeks to understand topological spaces by studying associated 
algebraic objects. For example each space comes with a set of homology groups and 
homotopy groups. These groups are invariants of the collection of spaces homotopy 
equivalent to the given space. 

It is often the case that the homology groups are easy to calculate. Unfortunately 
they do not carry as much information as one might like about the associated space. 
The homotopy groups on the other hand typically carry much more information but are 
usually impossible to calculate. 

An intermediate approach is to study the loop space homology groups of a given 
space. Under the Pontrjagin product these invariants have an algebra structure, giving 



us much more information about the space under consideration [Fel92]. For example 



knowing the loop space homology is generated by Hurewicz images may allow one to 
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write the loop space as a product of spheres and loops on spheres (see Section 14.31 ). If 
this happens it gives the homotopy groups of the space in terms of the homotopy groups 
of spheres, which have been extensively studied. 

This thesis presents a method for calculating the loop space homology in some in- 
stances of the cell attachment problem which we now describe. 

Since topological spaces are weak homotopy equivalent to spaces which are built out 
of cells (see Section 13.11 ), there is an obvious need to understand how attaching one or 
more cells affects the algebraic invariants associated to the space. 

The effect on homology is straight-forward. In the torsion-free case attaching a cell 
will either add or remove one homology generator. However the effect on homotopy and 
loop space homology is much more mysterious. 

The Cell Attachment Problem: Given a simply- connected topological space X what 
is the effect on the loop space homology and the homotopy type if one attaches one or 
more cells to X? 

In some cases this problem is equivalent to the following purely algebraic problem. 
The Differential Graded Algebra Extension Problem: Given a differential graded 
algebra (A, d) what is the effect on the homology if one adds one or more generators to 
(A, d) ? 

This thesis analyzes these problems under some assumptions. 

The cell attachment problem was perhaps first considered by J.H.C Whitehead 



Whi41J , }Whi39[ Section 6], around 1940 and more recently these two problems have 



been studied by Anick, Felix, Halperin, Hess, Lemaire and Thomas among others. 

There are parallel theories analyzing the two problems. For the topological prob- 
lem, let X be a finite-type simply-connected topological space and let Y be some space 
obtained by attaching cells to X. For the algebraic problem let (A, d) be a finite-type 
connected differential graded algebra (dga) and let B be some dga obtained by adding 
generators to (A,d). In the first case let / denote the two-sided ideal of H^iVtX] R) 
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generated by the image of the attaching maps (see Section |4.1| ). In the second case let 
I denote the two-sided ideal of H (A, d) generated by the boundaries of the added gen- 
erators. The conditions under which H*(QY; R) = H^VtX; R) / 1 and HB = H(A,d)/I 
have been extensively studied |Lem78l |Ani82bl IHL871 IFT891 IHL95J . This is called the 
inert condition. The slightly weaker lazy condition and the related nice condition have 
also been studied (FL911 IHL951 IHL96J . (We will not use or define lazy, but we will define 
nice in Remark 11.41 and in Section 14.11 ) For more details see Sections 14.11 and 12.41 Most 
of the results in the above papers were proved for the case where the coefficient ring is a 
field. We will prove our results for both fields and subrings of the rational numbers. 

In this thesis we study a broad generalization of the inert condition which we call 
the free condition, and which we now define. We assume that H (A, d) is i?-free and as 
algebras H(A,d) = ULq for some Lie algebra Lq. As explained in the next section this 
assumption is often satisfied when the algebra extension is derived from a topological 
cell attachment. Let J C Lq be the Lie ideal generated by the boundaries of the added 
generators. The dga extension B satisfies the free condition if J is a free Lie algebra. 
If B is a dga extension then it has an obvious filtration, which we define in the next 
section. If B is a dga extension which satisfies the free condition then we calculate iJB 
as an i?-module and give the multiplicative structure of the graded object associated to 
the filtration (see Section 12TTT ). 

For dga extensions which satisfy the free condition we define a semi-inert condition 
which is a weaker generalization of the inert condition. Under this condition we are able 
to determine if B including its multiplicative structure. 

In case the topological problem for a space Y is equivalent to the algebraic problem 
for B we obtain analogous results for H*(QY; R). Conditions under which this happens 
are described in the next section. Previously studied special cases include the case where 
R = Q and the case where X is a wedge of spheres. 

Under further topological conditions we show that if QX is homotopy-equivalent to 
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a product of spheres and loop spaces of spheres then so is QY. 

It follows from our results that in certain cases the Lie algebra of Hurewicz images 
automatically contains a free Lie algebra on two generators. 

Most of our results depend on showing that certain Lie subalgebras J of a Lie algebra 
L are free Lie algebras. When L is a free Lie algebra it is a well know fact that J is a free 
Lie algebra (when the coefficient ring is a field). However in our cases L is generally not 
free. Nevertheless we were able to prove a simple condition under which Lie subalgebras 
of the given Lie algebras are free. 

Our approach to the cell attachment problem generalizes work that has been done 
in the special case that X is a wedge of spheres, in which case Y is called a (spheri- 
cal) two cone. This situation has been closely studied (Lem74[ | Ani82a[ I FHT841 |B0g85 



FT861 IAni89[ IFT891 IFHT90[ IBFT921 FL921 IFT931 Pop00|. Our approach is particularly 



indebted to (Ani89 . 

We apply our results to various topological examples, construct an infinite family of 
finite CW-complexes using only semi-inert cell attachments, and give an algebraic version 
of Ganea's fiber-cofiber construction. 



1.2 Summary of results 

In this summary we briefly introduce notation and definitions that will be used through- 
out this thesis. A more detailed exposition will be given in Chapters H| \3\ and EH 

Let R be a principal ideal domain containing |. If R is a subring of Q let P be the 
set of invertible primes in R and let P = {p G Z | p is prime and p ^ P} U {0}. All 
of our i?-modules M are graded, connected and have finite type. Even when we do not 
explicitly mention it, our notation and definitions depend on the choice of R. 

Let (A, d) be a differential graded algebra (dga) over R. Let ZA denote the subalgebra 
of cycles. 
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Let V\ be a free -R-module together with a map d : V\ — » ZA Let TV! denote the 
tensor algebra on V\ and let AmTVi denote the coproduct or free product of the algebras 
A and TVi. d and d can be canonically extended to a differential on the coproduct which 
we also denote d. Let A = (A II TVi, d) be the resulting dga. 

There is an increasing filtration {F k A} on A defined by taking F-iA = 0, FqA = A 
and for k > 0, Fk+\ = Yli=o ^i-A. ■ V\ ■ Fk-%A. This induces a filtration on HA, the 
homology of A. Each of these nitrations will be denoted by {Fk(—)}- If M has an 
increasing filtration {F k M} then there exists an associated graded object 

gr(M) = 0(F fc M/F fc _!M). 

k 

Let gr,(M) = F k M/F k _iM. 

Assume that H(A,d) is .R-free and that as algebras H(A,d) = UL for some Lie 



algebra L . By (Hal92[ Theorem 8.3], if (A, d) = U(L,d) and H(A, d) is i?-free then 



H(A, d) = UL as algebras (indeed as Hopf algebras) for some free -R-module L . There 
is an induced map 

d! : V 1 -> ZA -» flf) ^ f/L . 

Assume one can choose L so that d'(Vi) C L . In this case we say that A is a dga 
extension of ((A,d), L ), which we will sometimes abbreviate to a dga extension of A. 

Letting d'Lo = one can canonically extend d' to a differential on Lq II hV\. Let 
L = (Lq II LVi, d'). L is bigraded as a dgL, where the usual grading is called dimension 
and the second grading, called degree, is given by letting L and V\ be in degrees and 
1, respectively. The sign conventions in a bigraded dgL use dimension, d' is a differential 
of bidegree (—1,-1). There is an induced bigrading on UL, HL and HUL. We record 
the following observation. 

Lemma 1.1. If d = and A = UL then one can choose L = L. Then A = UL and 
hence A and HA are bigraded. As a result HA = gr(ifA) as algebras in this case. 
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We will use the following notation throughout the paper: If M C X where X is a Lie 
algebra or algebra then [M] and (M) are respectively, the Lie ideal and two-sided ideal 
in X generated by M. If M C L it is a standard lemma that U(L/[M]) = UL/(M) (see 



Jac79[ p. 153; Theorem V.l(4)] for example). If M is bigraded then M, will denote the 
component of M in degree i. Let ¥ p denote the finite field with p elements and we use 
the convention that F = Q. For the i?-module M, given any p e P denote M ® ¥ p by 
M and denote d! ® ¥ p by d, with p omitted from the notation. 

Given Lie algebras A and B over R such that B is an A-module, one can define the 
semi-direct product L = A x B as follows. As an i?-module L = A x B. The bracket 
between A and B is given by the action of A on B. Equivalently (see Lemma [2.21 ) there 
is a short exact sequence of Lie algebras 

0^ B -> A^O 

with a Lie algebra section for g. 

If R = ¥ where F = Q or ¥ p with p > 3, define a dga extension of ((A, d), L ), 
A = (AlL TVi, d), to be free if [d'Vi] C L is a free Lie algebra. If i? is a subring of Q 
define a dga extension of ((A,d),L ), A = (A II TVi,c?), to be free if for each p G P, 
[dVj.] C Z-o is a free Lie algebra. In either case we introduce the following new condition. 
Call A semi-inert if furthermore gr 1 (ffA) is a free gr (if A)-bimodule. We will show 
that this is equivalent to both the condition that (-ffL)i is a free (if L)o-module and the 
condition that 

(HV) x L(#L)i = (ifL) H LiT 

as Lie algebras for some free -R-module K C (i?L)i. 

This is a generalization of the mert condition (defined in Section [2~4| ) of Anick [Ani82b 



and Halperin and Lemaire (HL87J (see Lemma 12.121 ). It is a strict generalization. For 



example we will show (see Example 12.131 ) that when L = (h(x,y,a,b),d) where |x| = 
\y\ = 2, dx = dy = 0, da = [[x,y],x] and db = [[x, y], y], then UL is not an inert 
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extension of T(x, y) but is a semi-inert extension of T(x,y). 
Our first main theorem is the following. 

Theorem A. Let R = ¥ where ¥ = Q or ¥ p with p > 3. Let (A,d) be a connected 
finite-type dga and let V\ be a connected finite-type ¥-module with a map d : V\ — *■ A. Let 
A = (A II TVi,d). Assume that there exists a Lie algebra L such that H(A,d) = UL 
as algebras and d'V\ C L where d' is the induced map. Also assume that [d'Vi] C L 
is a free Lie algebra. That is, A is a dga extension of ((A,d),L ) which is free. Let 
L = (L IILVi, d'). 

(i) Then as algebras 

gr(HA) = U((HL) x L(FL) 1 ) 

with (HL) = L /[d'Vi) as Lie algebras. 

(ii) Furthermore if A is semi-inert then as algebras 

HA = U((HVj WLK') 

for some K' C F 1 HA. 



Remark 1.2. Baues, Felix and Thomas [BFT92, FT931 showed that if B is a two 



level dga then HB = Th bH\B as algebras. Using Theorem \AJi) one can show that 
gr(HA) = T gTo{HA) gi l HA as algebras. 

If R is a subring of Q, then we prove Theorem \E[ a slightly stronger analogue of 
Theorem \M 

Let ip '■ H~L — > HUL be the map induced by the inclusion L ■=— > UL. This is a map of 
Lie algebras where HUL is a Lie algebra under the commutator bracket. Theorem [B] is 
stronger than Theorem \A\ in that in addition to the conclusions of Theorem [SJ we will 
identify tpHL. 

Theorem B. Let R C Q be a subring containing |. Let (A,d) be a connected finite-type 
dga and let V\ be a connected finite-type free R-module with a map d : V\ — > A. Let 
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A = [A II TVi,d). Assume that there exists a Lie algebra L such that H(A,d) = UL 
as algebras and d'V\ C L where d' is the induced map. Also assume that L /[d'V\] is a 
free R-module and that for any p G P, [d'V\\ C L is a free Lie algebra. That is, A is a 
dga extension of ((A, d), L ) which is free. Let L = (Lq II LVj, d'). 

(i) Then HA and gx(HA) are R-free and as algebras 

gr(HA) = U((HV) x L(iZX)i) 

with (-HTj)o = Lo/[d'Vi] as Lie algebras. Additionally (i7L)o x L(i/L)i = ipHh. as Lie 
algebras. 

(ii) Furthermore if A is semi-inert then as algebras 

HA ^ U((HL) ULK') 

for some K' c F\HA. 

Let M(z) denote the Hilbert series (see Section [2TTT ) for the -R-module M. If M(0) = 1 
then let M(2;) _1 denote the series 1/M(z). Using Anick's formula (Ani82a[ Theorem 3.7], 
the following corollary follows from both Theorems A] and El 

Corollary 1.3. Let A be a semi-inert dga extension satisfying the hypotheses of either 
Theorems [A\ or{M Let K' be the R-module in (ii) of the Theorem. Then 

K\z) = V x {z) + z[UL,{z)- 1 - U(HLUz)- 1 ]. (1.1) 

The above equation provides a necessary condition for semi-inertness. If a dga ex- 
tension is semi-inert then the right hand side of ( 11.11 ) should give a Hilbert series all of 
whose terms have non- negative coefficients. While this condition is not sufficient, for a 
'generic' dga extension which is not semi-inert there is no reason to expect that the terms 
in the right hand side of ( 11.11 ) should have non-negative coefficients. 

We now introduce a topological situation for which we prove Theorems O and [D] anal- 
ogous to Theorems A] and [B] and, with an additional hypothesis, the stronger Theorems 
K and K. 
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Let X and W be simply-connected topological spaces with the homotopy type of a 
finite-type CW-complex. Using the Samelson product ir*(QX) <g> R is a Lie algebra, and 
under the commutator bracket H*(QX; R) is a Lie algebra. Using these products the 
Hurewicz map hx '■ 7r*(QX) (g) R — > ^(fiX; i?) is a Lie algebra map (Sam53j . Let Lx 
denote its image. A map / : W — > X induces a map Ly/ — > Lx- Denote the image of 
this map by L^, and let [X^ ] the Lie ideal in Lx generated by L^. Note that the 
map / is omitted from the notation. 

Consider a continuous map W — > X, where W = Vjgj S ni * s a finite-type wedge of 
spheres and / = Vjej a i- The attaching map construction (see Section [3.1[ ) gives the 
adjunction space 

Y = X U, [ \J e n ^ +1 

Assume that H*(QX; R) is torsion-free and that H*(QX; R) = ULx as algebras. If R 
is a field then there is no torsion and if R — Q then the latter condition is trivial by the 



Milnor-Moore Theorem (Theorem 13.51 ) [MM65]. If ill C Q then in many examples one 
can reduce to the torsion-free case by localizing (see Section 14.31 ) away from a finite set of 



primes. McGibbon and Wilkerson [MW86] have shown that any finite CW-complex X 
such that 7r*(X) <g> Q is finite satisfies both of these conditions after localizing away from 
finitely many primes (see Section 14.31 ). Even if the loop space homology has torsion for 



infinitely many primes | |Ani86[ I Avr86] , one might be able to study the space by including 



it in a larger torsion-free space | |Ani89j . If H*(VLX] R) is torsion- free then it is has been 
conjectured that H*(QX; R') = ULx (Ani92j where R' is obtained from R by inverting 
finitely many primes. This thesis will provide methods for verifying this conjecture in 
certain cases (see Theorem \F\ and Corollary 11.111 ). 

Let 6>j : S n ^ 1 — ► VtX denote the adjoint of ctj. Let L = (Lx II L(yj) 3 - e j, d'), where 
d'Lx = and d'yj = hx{otj). We will justify reusing the notation L in Section 14.21 L is 
a bigraded differential graded Lie algebra. 

If R = ¥ where F = Q or ¥ p with p > 3, define the attaching map / to be free if the 
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Lie ideal [L^] C Lx is a free Lie algebra. If R is a subring of Q define the attaching map 
/ to be free if for each p G P, [Lx] is a free Lie algebra. In either case we introduce the 
following new condition. Call / semi-inert if in addition (ifL)i is a free (if L)o-module. 
(We will see in Section 14.2 why this corresponds to same terminology defined earlier.) 
We will show that this is equivalent to the condition that 

(i?L) x L(ffL)i = (HL) II LK 

as Lie algebras for some free i?-module K C (ifL)i. We will also show that a certain 
Adams-Hilton model (see Section [372] ) provides a filtration for ii*(f2y; if) under which a 
free attaching map is semi- inert if and only if gr : (if* (fiV; R)) is a free gr (H*(QY; R))- 
bimodule. 

Again this is a generalization of the inert condition | Ani82b[ IHL87J (see Section |4TT| ) . 
For example we will show that the attaching map of the top cells in the 6-skeleton of 
S 3 xS 3 x S 3 (= (S 3 a V S 3 b V S 3 ) U f (V? =1 e 6 ), where / = [t b , l c ] V [t c , t a ] V [t a , i h \) is not 
inert but is semi-inert (see Example 14.81 ) . 

In the statements of Theorems O and \D\ below gr(H*(QY; R) refers to the graded 
object associated to the filtration mentioned above. 

The following are two of our four main topological theorems. Recall that Ly is 
the image of the induced map Lx — > Ly between Hurewicz images. Corresponding to 
Theorem \A\ we have 

Theorem C. Let R = ¥ where ¥ = Q or ¥ p with p > 3. Let X be a finite-type simply- 
connected CW-complex such that H*(QX; R) is torsion-free and as algebras H*(QX; R) = 
ULx where Lx is the Lie algebra of Hurewicz images. Let W = V,gj ^ be a finite- 
type wedge of spheres and let f : W — > X . Let Y = X U/ (\/j e j e nj+1 j . Assume that 
[Lx] C Lx is a free Lie algebra. That is, f is free. 
(i) Then as algebras 

gr(fl»(fiy;F)) = U(L§ x L(#L)i) 
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with Ly = L X /[L^} as Lie algebras. 

(ii) Furthermore if f is semi-inert then as algebras 

H*(ttY;W) U(L^WLK') 

for some K' C F^^OY; ¥). 

The following theorem corresponds to Theorem El 

Theorem D. Let R C Q be a subring containing |. Let X be a finite-type simply- 
connected CW-complex such that H*(QX; R) is torsion-free and as algebras H*(QX; R) = 
ULx where Lx is the Lie algebra of Hurewicz images. Let W = \/j<=jS nj be a finite-type 
wedge of spheres and let f : W -> X. Let Y = XU f (\f jeJ e^ +1 ) . Assume that L X /[L^} 
is R-free and that for each p G P , [Lx) C L x is a free Lie algebra. That is, f is free. 

(i) Then H*(QY; R) and gr(H*(QY; R)) are torsion-free and as algebras 

gr(H,{QY;R)) = U{L* x L(HL)i) 

with Ly = Lx/iLjf] as Lie algebras. 

(ii) If in addition f is semi-inert then as algebras 

H*(SIY]R) = U(L^UhK') 

for some K' C F^^tlY; R). 

Remark 1.4. Since UL X /(L^) 2* U(L X /[V%\) it follows from (i) in both Theorems 
O and \D\ that ULx /(Lx) injects in H*(VtY\ R). This is the definition of Hess and 



Lemaire's [HL96J nice condition for /. 



Remark 1.5. In Theorems \K\ and El (respectively Theorems [C] and E|) if one assumes that 
H(A, d) = ULq (respectively H*(VLX\ R) = ULx) as Hopf algebras then it is straightfor- 
ward to check that the isomorphisms in parts (i) the Theorems are indeed Hopf algebra 
isomorphisms. We will not need to use this fact. 
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The following corollary follows from Theorems O and |D| 

Corollary 1.6. If f is a non-inert free cell attachment satisfying the conditions of either 
Theorem\C\ or Theorem\D\ and dim(-£TL)i ^ 1 then H*(QY; R) contains a tensor algebra 
on two generators. 

Remark 1.7. Felix and Lemaire |FL91[ Corollary 1.4] showed 1 that for a non-inert free 
attachment either there exists an N such that dim Hi(QY; R) < N for all i, or H*(QY; R) 
contains a tensor algebra on two generators. 

Let H*(W)(z) be the Hilbert series (see Section [2TTT ) for the reduced homology of W . 
The following corollary follows from both Theorems O and |Dl 

Corollary 1.8. Let f be a serai-inert attaching map satisfying the hypotheses of either 
Theorems\C\ or\D\. Let K' be the R-module in {ii) of the Theorem. Then 

K\z) = H*(W)(z) + z[UL x (z)- 1 - U(L*)(z)- 1 ]. (1.2) 

Like Corollary 1.3[ this corollary provides a necessary condition for an attaching map 
to be semi-inert . Note that W and Lx are already known and Ly — Lx / [L^] , which in 
some cases is easy to calculate. 

We now proceed to our next two main topological theorems. 

The following is an important collection of spaces. Let S = {5 2m ~ 1 , QS 2m+1 \ m > 1}. 
A space Y is called atomic if for some r it is r-connected, n r+ i(Y) is a cyclic abelian 
group, and any self-map / : Y — > Y inducing an isomorphism on 7i r+ i(Y) is a homotopy 
equivalence. The spaces in S are atomic. Let Yl <~> be the collection of spaces homotopy 
equivalent to a weak product (see Section 13.11 for the definition) of spaces in S. 

Let W, X, and Y be the spaces in Theorems [CI and [Dl If in addition to the hypotheses 
of Theorems O and [D] there exists a Lie algebra map ax '■ Lx — > vr* (QX) ® R right 
inverse to hx then we also have the stronger topological results below. In the case 



1 The trivial case, which is illustrated by Example 12.131 is omitted in [FL91] . 
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where X is a wedge of spheres, studied by Anick |Ani 89] , such a map always exists (see 



Example 10.31 ) . In Theorem \W\ we will give a sufficient conditions for extending such a 
map from a subspace, but for other cases its existence is an open problem. When R C Q, 
in Section I4T41 we will use such a map to define the set of implicit primes labeled Py which 
contains the invertible primes in R. Intuitively the implicit primes are those primes p for 
which p-torsion is used in the cell-attachments. If W is finite and the set of invertible 
primes in R is finite then Py is finite as well (see Lemma 14.131 ). The next two theorems 
are analogues of the fundamental Milnor- Moore Theorem (Theorem 13.51 ) which holds for 
R = Q. 

Theorem E. Let R = ¥ where ¥ = Qor¥ p with p>3. Let V/ ieJ S n > X be a cell 
attachment satisfying the hypotheses of Theorem[U\. Let Y = XU\j a . (V e nj+1 ) and let ctj 
denote the adjoint of aj . In addition assume that there exists a map ax right inverse to 
the Hurewicz map hx and that Vj £ J, axhx&j = aj. Then the canonical algebra map 

UL Y -> H,(tlY;W) 

is a surjection. That is, if*(f2y;F) is generated as an algebra by Hurewicz images. 

Let R C Q be a subring with invertible primes P and let X be a simply-connected 
topological space. Then there is a topological analogue to the localization of Z-modules 
at R (see Section |4.3[ ). We will call this the localization at R or the localization away 
from P. We denote the localization of X at R by X( R y 

Remark 1.9. If Theorem [E] holds for Q and for ¥ p for all non- invertible primes in 
some R C Q containing | and H*(QY; R) is torsion- free then by the Hilton-Serre-Baues 
Theorem (Theorem 14.12} ) H*(QY; R) = ULy as algebras and localized at R, QY £ n^>- 

Theorem F. Let R C Q be a subring containing |. Let \fj eJ S nj - J > X be a cell 
attachment satisfying the hypotheses of TheoremW^ Let Y = X Uy a . (Ve™ J+1 ). Further- 
more assume that there exists a map ax right inverse to the Hurewicz map hx- Let Py 
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be the set of implicit primes and let R' = 7L\Py ]. Then 

(i) H*($YY; R') is torsion-free and as algebras 

H*(QY; R') UL Y 

where gr(Ly) = Ly x L(f/"L)i as Lie algebras, and 

(ii) localized away from Py, QY £ 

(Hi) If in addition f is semi-inert then localized away from Py, Ly = Ly II hK as Lie 
algebras for some K C F\Ly , and there exists a map ay right inverse to hy. 

Remark 1.10. By the Hilton-Serre-Baues Theorem (Theorem I4.12I ), the assumption 
that H*(QX; R) is torsion-free and that H*(QX; R) = ULx as algebras, is equivalent 
to the assumption that localized at R, QX G []^ Therefore under the conditions of 
Theorem \F\ if QX^ G Yl «5 and there are no new invertible primes then QY(r) 6 

This theorem is important for the following reason. If we know that QY e Yl $ then 
we can apply results about the homotopy groups of spheres, which have been extensively 
studied, to make some strong conclusions about Y. For example, localized away from 
Py, Y satisfies the Moore conjecture (Conjecture 14.91 ) [Sel88j which relates the torsion of 
the homotopy groups of Y to the torsion-free behaviour of the tt*(Y). Furthermore, it 
creates the possibility that one might be able to demonstrate the Moore conjecture for 



other spaces by following Anick's plan |Ani89j of embedding them in spaces for which 
QY e n«S. 

The following two corollaries follow from Theorem \F\ 

Corollary 1.11. IfY is a finite complex constructed out of semi-inert attachments then 
there is a finite set of primes Py such that localized away from Py, QY is homotopy 
equivalent to a product of spheres and loops on spheres. Equivalently H*(ttY; Z[Py -1 ]) = 

ULy. 

Corollary 1.12. If f is a non-inert free cell attachment satisfying the conditions of 
Theorem\F\ and dim(i/L) 1 ^ 1 then Ly contains a free Lie algebra on two generators. 
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To apply our results one needs to know that certain Lie ideals are free Lie algebras. 
This is difficult to check in general. However, it is a well-known result that over a field F, 
any Lie subalgebra of a free (graded) Lie algebra is a free Lie algebra [Sir53l | Mik85[ IMZ95 



This is referred to as the Schreier property [MZ95 . 

Unfortunately our Lie ideals are in Lie algebras that are generally not free so we 
cannot use this property. By the results of this thesis, our ideals are often in Lie algebras 
whose associated graded object is a certain semi-direct product. For this more general 
situation we have succeeding in giving a simple condition from which one can conclude 
that a given Lie ideal is in fact a free Lie algebra. 

Theorem G. Over a field ¥, let L be a finite-type graded Lie algebra with filtration 
{.FfcL} such that gr(L) = Lq x hV\ as Lie algebras, where Lq = FqL and V\ = F\Lj FqL. 
Let J C L be a Lie subalgebra such that J fl F L = 0. Then J is a free Lie algebra. 

As an application of our results we obtain an algebraic analogue of Ganea's fiber- 
cofiber construction, which we discuss in Chapter IS Like Ganea's construction, our 
construction can be iterated. 

We apply our results to various topological examples in Chapter [101 For example 
we illustrate our results by calculating the loop space homology of a particular spher- 
ical three- cone and show that its loop space is homotopy equivalent to a product of 
spheres and loop spaces on spheres. By induction we produce an infinite family of finite 
CW-complexes constructed out of semi-inert cell attachments. We also give a more ab- 
stract analysis of (spherical) two-cones, three-cones and iV-cones, as well as some other 
examples. 



1.3 Outline of the thesis 



In Chapter [2] we review some algebraic constructions and introduce the differential graded 
algebra (dga) extension problem. 
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In Chapter [3] we review some topology, introduce Adams-Hilton models }AH 56] and 
prove some of their properties which will be needed in Chapter [71 

In Chapter 33 we introduce the cell attachment problem and compare it to the previ- 
ously discussed dga extension problem. We also review some topological theory. 

In Chapter El we prove Theorems \A\ and El the main algebraic theorems. 

In Chapter M we prove Theorems O and El the topological analogues of Theorems \A\ 
and El 

In Chapter [7J we prove Theorems El and E which identify Hurewicz images. 
In Chapter El we prove Theorem \G\ which will be useful in applying our results to 
examples. 

In Chapter M we show that our results can be applied to give an algebraic construction 



analogous to Ganea's Fiber-Cofiber construction [Gan65 . 

In Chapter \W\ we apply our results to some topological examples and conclude with 
some open questions. 



Chapter 2 



Differential Graded Algebra 

In this chapter we review some standard algebraic constructions and results. We also 
motivate and define our main algebraic objects of study: dga extensions which are free 
and semi-inert. Furthermore we introduce the spectral sequence with which we study 
these objects. 

Let R be a principal ideal domain containing | and ~. This is equivalent to saying 
that R is a principal ideal domain containing |. This assumption is made so that the 
Hurewicz images (defined in Section 13.11 ) have the structure of a (graded) Lie algebra 
(defined in Section [2TT] ) . 

2.1 Filtered, differential and graded objects 

A graded R-module is an .R-module M such that M = @ ieZ Mj where Mj is an R- 
module. All of our i?-modules will be assumed to be graded. R itself is a graded 
.R-module concentrated in degree 0. If a e Mj let \a\ = i. M is said to have finite type 
if for all i, Mi is a finite dimensional -R-module. M is said to be connected if M, = 
for i < 0. Since R is a principal ideal domain, M is a free -R-module if it is torsion-free. 
That is, for m G M, r E R, rm = =^ r = 0. Equivalently we will also say that M is 
R-free. We will always assume that our .R-modules are free and have finite type. Given 

18 
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a set S, let RS be the free i?-module with basis S. A graded R-module map preserves 
the gradation and the -R-module structure. That is, f(r -m) — r • f(m) and \f(a)\ = \a\. 
All of our maps will be assumed to be graded -R-module maps. 

Though all of our definitions depend on R, we will usually leave this dependence 
implicit. 

For a torsion-free graded -R-module M, the Hilbert series for M is the power series 
M(z) = EiezfRankflMOz*. 

A (graded) Lie algebra is a graded .R-module L together with a linear map [ , ] : 
Li <S> Lj — > L i+ j (called the bracket) satisfying the following relations: 

1. [x,y] = — (— l)l a: ll 2/ l[y, x] (anti-commutativity) and 

2. [x, [y,z\\ = [[x,y],z] + (-1) WI %, [x,z]] (the Jacobi identity). 

Note that since | G R, [x,x] = when \x\ is even and [[x, x],x] = for all x. 

A Lie algebra map is a map between Lie algebras which preserves the Lie algebra 
structure. That is, f([a,b}) = [/(a), /(&)]. A Lie algebra is said to be connected if it is 
connected as an _R-module. A Lie subalgebra J C L is an i?-submodule which is closed 
under the bracket. That is, for a, b G J, [a, b] e J. J is a Lze z<iea/ of L if furthermore 
for all a G J and for all b <E L, [a,b] G J. If J is a Lie ideal then there is an induced Lie 
algebra structure on the quotient L/J. 

We will use the following notation for iterated brackets 

• l] 1 ^n] • 

If J is the Lie ideal generated by a 6 I we will sometime denote Lj J by L/a. 

A (graded) algebra is a graded -R-module A together with .R-module maps // : <S> 
Aj — > (multiplication) and z/ : R — > A (unit) such that: 

1. the composite A = A <g> i? — igAAi equals 1 A ; 

2. the composite A = R <g> A > A ® A — > A equals 1a', and 
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3. /i o (// <g) 1 A ) — fj,o (1 A ® ff) : A® A® A ^ A. 

We remark that fi(a ® b) is usually denoted by a • b or just afe. An algebra A is said to 
be connected if A, = for i < and A = -R. An algebra map is a map between algebras 
which preserves the algebra structure. That is, f(a-b) — f(a)- f(b). 

We will assume that all of our R'-modules, Lie algebras and algebras are connected, 
i?-free and have finite type. 

A subalgebra B C A is an i?-submodule which is closed under multiplication (that is, 
for a,b G B, /i(a ®b) G B) and which contains the unit (that is, v(R) C B). A two-sided 
ideal of A is an Ji-submodule I C A such that for all a G A and for all 6 G /, fi(a®b) G / 
and /i(6 ® a) G i. 

Let T denote the (twist) map V <g> — > ® V given by i; ® w h-> (— 1)HIHk; <g> v. 
A (graded, cocommutative) Hopf algebra is an algebra if together with R- module 
maps A : H — > if ® if (comultiplication) and e : if — > ff (counit) such that 

1. the composite H H ® H H ® R = H equals ljj; 

2. the composite H H ® H -^^> R® H = H equals 1//; 

3. (A <g> 1 H ) o A = (1 H ® A) o A : if -> if <g> if <g> if; 

4. T o A = A : H ^ H ® H; and 

5. A is a homomorphism of algebras, where the multiplication on if ® if is given by 
H®H®H®H H ® H ® H ® H ^ H ® H. 

A differential (graded) R-module (dgm) is a -R-module M together with a linear map 
d : Mj — > Mj_i such that <i 2 = 0, called the differential. Equivalently we say M is an 
-R-module with a differential. A differential graded Lie algebra (dgL) is a Lie algebra L 
together with a differential d such that y] = [dx, y] + (— l)l x l[x, dy] (the Leibniz rule). 
A differential graded algebra (dga) is an algebra A together with a differential d such that 
d(xy) = (dx)y + (— l)^x(dy) (also the Leibniz rule). 
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A filtered dgm is a dgm M together with a filtration {FiM} ieIi such that . . . C FjM C 
F i+1 M C . . . C M and d(FjM) C FjM. A filtered dgL is a dgL which has a dgm filtration 
such that [FjL, i^-L] C F i+ jL. A filtered dga is a dga which has a dgm filtration such 
that FjA • C -F i+J -A A map of filtered objects is a map / : M — > iV such that 
f(FiM) C -FjiV. That is, / preserves the filtration. Given a filtered dgm there exists an 
associated graded object 

gr ( M ) = 0F,M/F J _ 1 M, 

iez 

which becomes a dgm with the differential induced from the differential on M. If L is a 
filtered dgL then the Lie bracket on L induces a Lie algebra structure on gr(L). Similarly 
if A is a filtered dga then the product on A induces an algebra structure on gr(A). If 
/ : M — > A is a filtered map then there exists an induced map gr(/) : gr(M) — > gr(A). 
We will sometimes refer to gr(M) by gr^(M) where gr^M) = I) 

An .R-module M is bigraded if it has a second grading. That is, M = ©jj gZ ^ij 
where M it j is an .R-module. A (graded) algebra is bigraded if it is bigraded as an R- 
module and ji : A it j ® — > A i+ j^+i- In this thesis we will say that a (graded) Lie 
algebra is bigraded if it is bigraded as an i?-module and [•,•] : Ljj ® L^j — > L i+ j^+i- 
Note that the anti-commutativity and Jacobi relations need not hold with respect to the 
second grading. A differential bigraded R-module is a bigraded i?-module with a map 
d : Mij — >■ Mj_ij_i such that rf 2 = 0. We will say that a dga/dgL is bigraded if it 
is a bigraded algebra/Lie algebra and a differential bigraded i?-module. Note that the 
Leibniz rule need not hold for the second grading. 

We will usually denote the first grading by dimension and the second grading by 
degree. The dimension and degree of a will be denoted by \a\ and deg(a) respectively. 
The anti-commutativity and Jacobi relations and the Leibniz rule all use | • | and not 
deg(-). 

A short exact sequence of i?-modules is a sequence of i?-modules A, B, C together 
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with i?-module maps 

^ B ^ 

such that ker(/) = 0, ker(g) = im(/), and im(g') = 0. It is a short exact sequence of Lie 
algebras if each of the modules is a Lie algebra and each of the maps is a Lie algebra 
map. The short exact sequence of Lie algebras 0— > A ^ B C — > is said to split if 
there exists a Lie algebra map h : C — > B such that g oh = idc- 



2.2 Free algebras and Lie algebras and products 

Let V be a free .R-module. Let TV be the free algebra generated by V. As an i?-module 
TV S 0~ Q T fc V where T°V = R and for k > 1, T fc V = V © ■ ■ ■ © V . The unit is the 

fciimes 

inclusion = T°V <^-> TV. Multiplication T*V ® W -> T i+ ^V is given by a • 6 = a © 6. 
Any algebra of this form is called a tensor algebra. 

Given a free -R-module V we define the free commutative algebra or symmetric algebra 
by §V = TV/ 1, where / is the two-sided ideal generated by the commutator brackets 
[a, b] = a ■ b - {-l)\ a W% ■ a. 

Recall that the commutator bracket gives any algebra the structure of a Lie algebra. 
In particular TV is a Lie algebra with the commutator bracket. Let LV be the Lie 
subalgebra of TV generated by V. We call any Lie algebra of this form a free Lie algebra. 

The coproduct between two algebras and the coproduct between two Lie algebras 



is defined categorically (HS97J . One can check that the following constructions satisfy 
the definitions. Given two tensor algebras TV and TW we define the coproduct or free 
product TV II TW = T(V © W). Similarly we define LV II hW = L(V © W). More 
generally given two algebras A and B we can define the coproduct A II B to be the 
free -R-module on words of the form ai&ici2&2 • ■ • a-nbn, a^bxa^ • • - b n -ia n , b\a\ ■ ■ -a n b n 
and b\a\ ■ ■ ■ b n -\a n (where aj G A and bi e B) modulo the relations waklat+iw' = 
w(akak+i)w' and wbklbk+iw' = w(pkbk+i)w' where w,w' are words in the coproduct. 
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Multiplication is given by concatenation. Similarly we define LiJIL 2 for two Lie algebras 
Li and L 2 . 

Given a Lie algebra L , an R- module M is an L -module if there exists a map [•, •] : 
L ®M — »■ M such that [xi,[x 2 ,y]] = [[a*, z 2 ], y] + (-l)'* 1 "* 3 '^, [m, y]]. 

Remark 2.1. Given a Lie algebra L and a L -module M then LM is also a L -module 
where the action of L on LM is given inductively by the Jacobi identity and the action 
of L Q on M. If x G L and [[yi, . . . , y n -i, y n ) G M then 

([[z/i, • • • , 2/n-i, yn])] = ([[yi, • • • , y«-i]], y n ] + (-l) ]xllvl [([[y u . . . , y„_i]), [x, y n ]]. 

Given a Lie algebra L$ and a Lo-module we define the semi-direct product L = 
Lq x iV to be the following Lie algebra. As an i?-module L = Lq x N. For a, b G Lq 
(respectively N), [a, 6] is given by the Lie bracket in L (respectively N). For x G L Q and 
y G iV, [x, y] is given by the action of Lo on AT. 

The direct product LqxN is the special case of the semi-direct product where [x, a] = 
if x G Lo and a E N . 

Lemma 2.2. Lei L be a Lie algebra. Then L is a semi-direct product Lq\x N if and only 
if there exists a split short exact sequence of Lie algebras 

0^N^L^L ^0. 

Proof. (=>) Since Lq acts on N. That is, [Lq, N] C N, N is a Lie ideal. Thus there 
exists a quotient map p : L — > L . Hence the inclusion and projection give a short exact 
sequence of Lie algebras 

0^N-^L^L ^0. (2.1) 

Let h : L — > L be the inclusion map. Then p o h = id^ y So fl2.ll ) is a split short exact 
sequence of Lie algebras. 

(<=) Since 0-^L^L-^Lo^Oisa short exact sequence of i?-modules, L = L x N 
as i?-modules. Let h : L — > L be the splitting. Since g o h — idi, , h is an injection. 
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Since / and h are injections of Lie algebras, for a, b G L (respectively N), [a,b] within 
L is given by the bracket in L (respectively N). Since g is a Lie algebra map, ker(g) is 
a Lie ideal. Since / is an injection N = im(/) = ker(g) and N is a Lie ideal. Therefore 
[L , N] C N. That is, JV is a L -module. So L = L x N. □ 

Lemma 2.3. Assume L\ is a L -module. Given a Lie algebra map uq : L — > L and an 
L -module map u\ : L\ — > L (eg. for x G L , y G L\, Ui([y,x}) = [u\(y), Uq(x)]) then 
there exists an induced Lie algebra map u : Lq x hL± — > L. 

Proof. Since Li is a L -module, by Remark |2.1 so is LLi. Since there exists a map 
U\ : Li — > L there is a canonical induced Lie algebra map tt : LL X — > L (given by 
"Ui = Wi and otherwise defined inductively by u([a, b\) = [u(a),u(b)]). It is easy to 
prove by induction that this is an L -module map. That is, u([y, x]) = [u(y),u (x)}. 
Since L x LLi = L x LLi as -R-modules this defines a map u : L x LLi — > L. Finally 
for x E Lq and y G hL±, [x, y] G LLi so u([x, y}) = u([x, y]) = [uq(x),u(x)] = [u(x),u(y)]. 
Thus u is a Lie algebra map. □ 



2.3 Universal enveloping algebras 

Let L be a Lie algebra. Define ?7L the universal enveloping algebra on L as follows. 
UL = TL/I where / is the two-sided ideal generated by {x <8> y — (—l)\ x W y \y <S> x — [x, y}}. 
If L is a dgL then TL is a dga under the induced differential: d(ab) = (da)b+ (— l)^a(db). 
This dga structure induces a dga structure on UL. Similarly, if L is filtered there is an 
induced filtration on TL which induces a filtration on UL. 

It is a basic result [Jac79[ p.168; Theorem V.7] that UhV S TV. 

The commutator bracket [x,y] = xy — {—l)^ y][ yx gives any algebra the structure of 
a Lie algebra. 

The universal enveloping algebra is universal in the following sense. Given any algebra 
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(dga) A and a Lie algebra (dgL) map / 



A 



UL 

there exists a unique map g making the diagram commute. In fact UL can be defined as 
the unique object satisfying this universal property. 

The Poincare-Birkhoff-Witt Theorem is the central theorem in the study of univer- 
sal enveloping algebras (see for example (Jac79[ |Sel97j ). We give a weak form of this 
Theorem. 

Theorem 2.4 (Poincare-Birkhoff-Witt Theorem). Let L be a Lie algebra. Let §L 
denote the free commutative algebra (symmetric algebra) (see Section \2.2\) on the R- 
module L. Then there is an R-module isomorphism E>L ^ UL which restricts to the 
identity on L. 

Remark 2.5. Although we will only need the weak form given above, the full theorem 
specifies that is isomorphism is an isomorphism of coalgebras. 

Lemma 2.6. If L is a filtered Lie algebra such that gr(L) = L as R-modules then the 
canonical map U gr(L) — > gr(UL) is an isomorphism. 

Proof. If L is filtered then UL has an induced filtration and the inclusion L > UL 
preserves the filtration. This induces a map gr(L) — > gr(UL) which induces a map 
U gr(L) — > gr(UL). Similarly there is an induced map §gr(L) — > gr(SL). 

Using the Poincare-Birkhoff-Witt Theorem, these fit into the following commutative 
diagram of i?-linear morphisms. 



§gr(L) 



gr(§L) 




Ugv(L) 



■gr(UL) 
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Since E>L depends only on the -R-module structure on L, the -R-module isomorphism 
L gr(L) induces an algebra isomorphism 



§L ^§gr(L). 



From this we get the following canonical commutative diagram. 



(2.2) 



gr(L) 



■gr(SL) ^gr(§gr(L)) 




§gr(L) 

Thus is an isomorphism, and therefore the canonical map U gr(L) 
isomorphism. 



gx{UL) is an 
□ 



Let L be a differential graded Lie algebra. The canonical inclusion i : L — > U~L 
induces a map on homology H(l) : H~L — > HUL which induces the natural map 

i) ■ UHL -> HUL. 

Since H(t) is the restriction of tp to HL we will usually also refer to this map as ip. 



If R — Q then Quillen [Qui69] showed that ip : UHL — > HUL is an isomorphism. We 



can also state this result as follows: 



i?C/L = Uif>(HL), when = Q. 
In Theorems [A] and |B] we show that under certain hypotheses HUL can be calculated 



from Hh for more general coefficient rings. See [Pop99J for other results of this type. 



2.4 Inert, free and semi-inert dga extensions 

Let R = Q or ¥ p where p>3ori?cQisa subring containing |. If R C Q let P 
be the set of invertible primes in R. Let P = {p G Z| p is prime and p ^ P} U {0}. 
Furthermore for an i?-module V and a i?-module map /, for each p e P denote V ® F p 
by V" and / <8> F p by /. Note that the prime is omitted from the notation. 
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Let (A, d) be a dga such that H (A, d) is i?-free and that as algebras H(A, d) = UL 
for some Lie algebra L . If H(A,d) is i?-free and (A,d) = U(L,d) then by |IHal92] , 
H(A, d) = UL as algebras for some Lie algebra L . Let ZA denote the cycles in A. Let 
A = (A II TV, d) where d\^ = d and dV C ZA. Then there is an induced map 

d' : V ±> ZA -f (A, d) ^ UL Q . 

If for some choice of Lq, d! : V C Lq then call A a dga extension of ((A, d), Lq). We will 
sometimes abbreviate this to a dga extension of A. 

Remark 2.7. The technical condition of the existence of a choice of Lq such that d f : V G 
Lq is satisfied in all the examples in this thesis. We do not know if there are examples 
arising from cell attachments or such that (A, d) = U(L, d) for which there does not exist 
such a choice of L . 

If R = Q or F p where p > 3, call A an inert extension if HA = U(L /[dV\) [HL871 



|Ani82b] (Anick uses the terminology strongly-free and he gives a nice combinatorial 
characterization in the case where Lq is a free Lie algebra). Recall that all of our R- 
modules have finite type. If R C Q we will say that A is inert if L /[dV] is torsion- free 
and HA £ U(L /[dV}). 

Remark 2.8. Note that if R C Q and A is inert then HA is i?-free. Thus by the 
Universal Coefficient Theorem, for each p e P, H(A <S> F p ) = £/(L /[aV]). That is 
A (g) F p is inert over F p (p-inert). 

Example 2.9. (A, d) = U(L(x, y),0). A = {A II T(a), d), where da = [[x, y], y] 



Using the results of |Ani82b] , A is an inert dga extension (since in Anick's terminology 



{xyy} is a combinatorially free set). It follows that HA = U(h(x,y)/[[x,y],y]). □ 

The following theorem gives an equivalent characterization of the inert condition. 
We will use it as motivation to generalize the inert condition. Let J be the Lie ideal 
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[dV] C L . The following is proved by Halperin and Lemaire [HL871 Theorem 3.3] in the 
case when R = Q, and by Felix and Thomas | FT89[ Theorem 1] in the case when R is a 
field of characteristic ^ 2. 

Theorem 2.10 ( |HL87j ). If R = Q or ¥ p where p > 3 then A is an inert extension if 
and only if 

(i) J is a free Lie algebra, and 

(ii) J/[J,J] is a free U(L/ J) -module. 

We will study extensions which in general do not satisfy the second condition. If 
R = Q or F p where p > 3 we define A to be a free dga extension if [d'V] C L is a 
free Lie algebra. If R C Q we define the dga extension A to be free if for each p G P, 
[dV] C L is a free Lie algebra. 

This condition is a broad generalization of the inert condition and we will prove results 
about HA if A is a free dga extension (see part (i) of Theorems \X\ and [Bj). However 
many free dga extensions satisfy a second condition. We define this condition below and 
call it the semi-inert condition. Under this condition we are able to determine HA as an 
algebra (see part (ii) of Theorems |A1 and IB) . We will show that it too is a generalization 
of the inert condition. 

We will use the following filtration. A is filtered by taking F_iA = 0, FqA = A and 
for n > 0, F n+1 A = £™ =0 F i A ' ■ F n ^A. Since dF n A C F n A and F n A ■ F m A C F n+m A 
this makes A into a filtered dga. There is an induced dga filtration on HA. Let gr^(HA) 
be the associated graded object. For degree reasons gr x (if A) is a gr (iJA)-bimodule. 

Let L = (Lq II LV, d'). Then L and HL are bigraded. So for degree reasons (-HTj)i 
is a (ifL)o-module. Thus by Remark 12.11 we can form the semi-direct product (-HX)o ix 
L(#L)i. 

We will use the following lemma to define the semi-inert condition. Since this condi- 
tion is not used in the statements or the proofs of Theorem \E(i) and Theorem |B](i) we 
will take the liberty of using these results. 
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Lemma 2.11. Let A be a free dga extension. Then the following conditions are equiva- 
lent: 

(a) (HL) x L(#L)i £ (HL) II LK for some free R-module K C (#L)i, 
(7>^ (-HX)i is a free (H~L)o-module, and 
(c) gr x (i7A) zs a /ree gr (H A) -bimodule. 

Proof, (b) =>- (a) Let A' be a basis for (HL) 1 as a free (if L) -module. Then 
(HL)o x L(i?L)i = (HL) II L/C. 

(a) (c) Since A is a free dga extension, by Theorem |A](i) or Theorem E](i), 

gr*(fJA) ^U((HL) x L(i/X)i). So by (a), 

gr,(FA) [/ ((i?L) H Lif) = gr (i?A) II TK, 

for some free -R-module K C (HL)i. Therefore 

gr^tfA) = [gr (#A) II TK], gr (HA) ® K ® gr (#A). 

(c) =^ (b) Let L' = (FL) x L(FL) 1 . Then by Theorem \AJi) or Theorem E](i), 
gr,(HA) = UL' and gr^FA) = (UL% By (c), (C/L')i is a free (C/L')o-bimodule. Then 
we claim that it follows that L[ is a free Z/Q-module. Indeed, if there is a nontrivial degree 
one relation in V then there is a corresponding nontrivial degree one relation in UL' . □ 

We say that a dga extension A is semi-inert if A is free and it satisfies the conditions 
of the previous lemma. We justify this terminology with the following. 

Lemma 2.12. An inert dga extension is semi-inert. 

Proof. Let A be an inert dga extension. If R = Q or ¥ p then by Theorem 12.10 [dV] is a 
free Lie algebra. If R C Q then by Remark 12.81 for each p e P, A <g> F p is p-inert. So by 
Theorem 12.101 for each pGP, [dV] is a free Lie algebra. So in either case A is a free dga 
extension. 

Since (ifL)i = 0, the semi-inert condition is trivially satisfied. □ 
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Example 2.13. A semi-inert dga extension which is not inert. 

Let R = F p where p > 3 or R C Q containing |. Let L = (h(x,y,a,b),d) where 
\ x \ = \v\ = 2, \a\ = \b\ = 7, dx = dy = 0, da = [[x,y],x] and db = [[x,y],y]. We will 
show that UL is semi-inert dga extension of T(x,y) but not an inert dga extension of 
T(x,y). 

Let (A,d) = U(L(x,y},0). Then H(A,d) = Uh(x,y), d! = d and UL is a dga 
extension of Uh(x,y). Since h(x,y) is a free Lie algebra, if R is a field then by the 
Schreier property the Lie ideal [R{da, db}] C h(x, y) is automatically a free Lie algebra. 
If R C Q then for each p E P, the Lie ideal [F p {(Ja, dfe}] C h Vp (x,y) is automatically a 
free Lie algebra. Thus in either case UL is a free dga extension. 

Let w = [a, y] — [b, x}. Then by anti-commutativity, 

dw = [[[x,y],x],y]-[[[x,y],y],x] 
= [[x,y],[x,y]] 
= 0. 

Since w is not a boundary ^ [w] G (HL) 1 and ^ [w] e (HUL)\. Thus UL is not an 
inert dga extension. By the definition of homology 

(HL) = h(x, y) I [R{[[x, y],x], [[x, y},y}}} . 

One can check that (HL)i is freely generated by the (ifL)o-action on [w]. Thus 
(HL)o x h(HL)i = (HL)o JIL,([w]). That is, UL is a semi-inert extension. Therefore by 
part (ii) of either Theorem A] or Theorem El 

HUL = U((HL) Uh([w}}) 

as algebras. □ 

Example 2.14. Another semi-inert dga extension which is not inert. 



Chapter 2. Differential Graded Algebra 



31 



Let R = F p where p > 3 or R C Q containing ~. Let L = (L(x, y, z, a, b, c), d) where 
M = \v\ = \ z \ = 2, |a| = \b\ = \c\ = 5 dx = dy = dz = 0, da = [y,z], db = [z,x], and 
dc — [x, y\. UL is a free dga extension of U"h(x,y, z). As in the previous example, we 
will show that UL is a semi-inert extension but not an inert extension. 

Let w = [x, a] + [y, b] + [z, c] . By the Jacobi identity dw = 0. Since w is not a boundary 
7^ [w] G (HL)i and ^ [to] G (HUL)i. Thus UL is not an inert dga extension. By 
the definition of homology (HL) = h ab (x,y, z), where h ab denotes the free abelian Lie 
algebra (that is all brackets are zero). 

One can check that (HL)i is freely generated by the (ifL)o-action on [w\. Therefore 
UL is a semi-inert extension and by part (ii) of either Theorem A] or Theorem [Bj 

HUL = U((HL) Uh([w}}) 

as algebras. □ 

Example 2.15. A free extension which is not semi- inert. 

Let R = ¥ p where p > 3 or R C Q containing |. Let L = (h(x,a),d), where \x\ is 
odd, dx = and da = [x,x\. Then UL is a free dga extension of Uh(x). Let u = [x,a] 
Then du = [x, [x,x\] = by the Jacobi identity, u is not a boundary so 7^ [u] G (HL)\ 
and 7^ [m] G (HUL)i. Thus C/X is not an inert extension. By the definition of homology 
(HL)q = h a b([x]), where h a b denotes the free abelian Lie algebra (where all brackets are 
zero). However d(j[a, a]) = [u,x], so [[u], [x]) = and HUL 7^ U(h a b([x}) IIL([m])). 

Since the cycles of L in degree one are just R{u, [u, x]} and [u, x] is a boundary, by the 
definition of homology (HL)i = R{[u]}. So by part (i) of either Theorem A or Theorem 
El HUL = U(L a b([x]) x L([it])) as algebras, where the semi-direct product is given by 
[[x], [u\] = 0. Thus 

HUL = U(h ab ([x}} x L([«]» = U(h ab ([x], [«])) 
as algebras. □ 
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2.5 The spectral sequence of a dga extension 

Let A be a dga extension of ((A,d), Lq). Then by definition A = (A II TVx,d) where 
d\^ = d and dV\ C ZA. Also by definition H(A, d) = ULq and d'V\ C Lq where d! is the 
induced differential d' : V\ —> ZA — > H(A, d) —> UL . 

A is filtered by taking F_ X A = 0, F A = A and for n > 0, F n+1 A = J™=o F * A ' V i ' 
F n _jA. Since dF n A C F n A and F n A ■ F m A C F n+m A this makes A into a filtered dga. 
There is an induced dga filtration on HA. 

From the filtration of A there is an associated first quadrant spectral sequence 

g r(A) gr(HA) 



which thus converges (McCOll |Sel97j . Anick studied this spectral sequence |Ani82aJ and 
showed that it collapses under certain conditions. In Chapter \5\ we will show that Anick's 
conditions are satisfied if the dga extension is free. 

The E° term is given by E® q = F p A p+q / F p _iA p+q , where A k denotes the component 
of A in dimension k. The differential d° is the induced differential (from d) on gr(A). 
Since d does not lower filtration but d\vi does, d°\^ = d and d ^ = 0. In fact (E°A, d°) = 
(A II TVi, d), where d\rvi = 0- Therefore 

E l A = H(E°A, d°) = H(A, d) II TVi = U(L U LVi). 

One can check that the induced differential d l is just the induced differential d! . Therefore 

E 2 A = HUL where L = (L II LVi, d'). 

Since the spectral sequence converges, E°° = grHA. Our main algebraic result 
(see Chapter [5J will involve showing that when the dga extension is free, the associated 
spectral sequence collapses at the E 2 -term. That is, E°° = E 2 . 

Unfortunately since A is not bigraded as a dga, it is not necessarily the case that 
gr(HA) = HA as algebras. The following dga extension (which is not free) illustrates 
this. 
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Example 2.16. (L, d) = (L(x 1; x 2 , yi, y 2 , Ui, u 2 , v%, v 2 ), d) where for i = 1, 2, = = 
2, <ixj = dyi = 0, c?Mj = [[xi, x 2 ], yi\ and <it>j = [[2/1,2/2])^]- Let (A, d) = U(L,d) and let 
A = (A II T(a, 6), d) where da = X\ and db = [yi,y 2 ]. 

Let {FjA} be the usual filtration. Let L = H(L,d). Abusing notation we will refer 
to the homology classes represented by Xi and yi by X; t and yi. 

For i = 1,2 let aj = [[a, x 2 ],yj — and $ = [b, x^ — f«. One can check that these 
are cycles in FiA which are not boundaries in A. 

Let 7 = -[Pi,x 2 ] - [ai,y 2 ] + [a 2 , yi) G ZF ± A. Let e = [v h x 2 ] - [v 2 ,xi] + [ui,y 2 ] - 
[ u 2,yi] G ZF A. Then one can check 7 is not a boundary in A. Therefore [7] / G 
FiHA. Thus 

-[[Pi], N] - [N, M + [N, [yi]} ^oeha. (2.3) 

However 

d([[a,fc],x 2 ] - [a,v 2 ]) = 7 - e- 

As a result [7] = [e] G FqHA. For a cycle 2 in A let [z] denote the corresponding 
homology class in gr(HA). Therefore 

-Pi], N] - [[ai], [£2]] + [N, [yi]] = G gr(FA). (2.4) 

Comparing ( 12.31 ) and ( 12.41 ) we see that the multiplicative structure in HA and gr(iJA) 
is not the same. 



Chapter 3 

Basic Topology and Adams-Hilton 
Models 



In this chapter we review some basic topological results and Adams-Hilton models. We 
also prove some results on Adams-Hilton models which we will need in Chapter [71 

3.1 Basic topology 

We will work in the usual category studied in algebraic topology, that of compactly 



generated topological spaces [May99[ ISel97[ Spa93, IWh i78] . We will assume that all 



of our spaces X are simply- connected. That is, X is path-connected and has trivial 
fundamental group (tti(X) = 0) and that our spaces are pointed (also called based). 
That is, they come with a chosen point called the basepoint and usually denoted *. The 
pointed space (X, *) will usually be referred to as just X. All our maps are assumed to 
be continuous and pointed. That is, / : {X,*) — > (Y, *) satisfies /(*) = *. Furthermore 
we will assume that all of our spaces have 'the weak homotopy type of a finite-type CW 
complex.' We explain this statement below. 

Whenever we take products of infinitely many spaces we will always mean the weak 
infinite product. That is, x E Yli Xi implies that Xi = * for all but finitely many i. A 

34 
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weak product is a finite product or a weak infinite product. 

Given spaces X and Y define the wedge X V Y to be the space obtained by attaching 
X and Y at the basepoints. That is, X V Y = {(x, y) G X x Y \ x = * or y = *} with 
basepoint (*,*). Let an (n + l)-cell be the unit disc e n+1 = {x G IR"" 1 " 1 | \\x\\ < 1} and 
let the n-sphere be its boundary S n = {x G IR n+1 | ||x|| = 1}. 

Let W be a subspace of Z and / : W — » X. Then the attaching map construction 
builds a new space Y = (Z II X)/ ~ where /(w) ~ to, Vw G W. This space is called 
an adjunction space and we denote 1 it by X \Jj Z and call / the attaching map. For 
example if Z = VjeJ e " j+1 an d W = VjeJ ^ ^ nen we sa Y t na ^ ^ ne space Y is obtained 
from X by attaching cells along W. In this case W — * X — > K is a homotopy cofibration 



May99^ |Sel97[ |Spa93^ I Whi78J . A cofibration — > X is an inclusion and given any 
homotopy H : W x / — ► A and an extension g : X A of if |vt/ x {o} there exists an 
extension H' : X x I — ► A of H such that if'|xx{o} — 9- 

A finite-type CW complex is any space X that can be constructed by the following 
inductive procedure. Let X*- - 1 be a finite set of points. Obtain X^ n+1 ^ from X^ by 
attaching a finite number of (n + l)-cells along their boundary. Let X = U n X^ n \ Call 
X< n ) the n-skeleton of X. Call a map / : X — > K between Ciy-complexes cellular if 
/ : iW -> yW, Vn. 

Let 7 denote the unit interval [0, 1]. Two (pointed) maps f,g:X—>Y are said to be 
homotopy equivalent, written / ~ g if there is a map (called a homotopy) H : X x / — » V 
such that F(x,0) = /(x), F(a;, 1) = g(x) and F(*,t) = *, Vx G X and Vt G /. This 
is an equivalence relation. Let X and Y be two topological spaces. If there exist maps 
/ : X — > Y and g : Y — > X such that g o f ~ idx and f o g ~ idy then we say X is 
homotopy equivalent to V or X has the same homotopy type as y, denoted X w Y. This 
is also an equivalence relation. 

Let vr n (X) be the set of homotopy classes of pointed maps from S n — > X. For n > 1 



1 In the literature this space is sometimes also denoted by Z U/ X. 
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this is a group [Sel97i |May99j |Spa93j IWhi78; . 



A map / : X — > K is called a weafc homotopy equivalence if /# : 7r n X — > 7r n (Y) is 
an isomorphism for all n. Topological spaces X and Y have the same weak homotopy 
type if there exists a chain of weak homotopy equivalences X <— Zi — > • • • <— Z n — > Y. 
The following theorem shows that any topological space has the weak homotopy type of 
a CW-complex. 

Theorem 3.1 (The CW Approximation Theorem [Whi78[ Theorem V.2.2]). 

Given a topological space Y there is a CW-complex X and a map f : X — > Y such that 
/# : TT n (X) — > ir n (Y) is an isomorphism for all n. 

If Y is simply-connected then one can choose X such that XW = *. 
In addition to the CW Approximation Theorem, the following two theorems show 
why we can work in the category of CW-complexes and why it is convenient to do so. 

Theorem 3.2 (The Cellular Approx. Theorem |Whi78[ Theorem II. 4. 5]). Let 



f : X — > Y be a map between CW-complexes. Then there is a cellular map g : X — > Y 
such that f — g. 

Theorem 3.3 (The Whitehead Theorem for simply-connected CW-complexes 
Whi78[ Theorems IV. 7. 13 and V.3.5]). Let X and Y be simply-connected CW- 



complexes. Then X and Y are homotopy equivalent if and only X and Y are weak 
homotopy equivalent if and only if 3 / : X — ► Y such that /* : H n (X) — » H n (Y) is an 
isomorphism Vn. 

Given a (based) topological space (X, *) let flX denote the set of (based) loops in X. 
That is, QX = Map^((5' 1 ,*) — > (X,*)), where Map*(X, Y) denotes the pointed maps 
from X to Y with the compact-open topology (see [Sel97[ |May99^ |Spa93^ IWhi78]). The 



constant map (5 11 ,*) — ► (*,*) is the basepoint of ttX. f2X is called the loop space on 
X and H*(QX; R) is called the loop space homology of X. A key property of QX is the 
following. 
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Lemma 3.4 (|Whi78L Corollary IV.8.6]). Vn > 1, ir n (QX) ^ ir n+1 (X). 

Thus we can study the homotopy groups of X by studying QX. From our point of 
view the main advantage of studying QX is that the homology groups of QX have the 
structure of a Hopf algebra whereas the homology groups of X do not have the structure 
of an algebra. The algebra structure of if* (QX) can reveal important information about 
the homotopy type of X. 

There is a natural map 

h x :tt*(QX)®R^ H*(QX;R) (3.1) 

called the Hurewicz map and defined as follows. For a G ir n (QX) ® R choose a represen- 
tative a : S n — > QX. Then there is an induced map a* : H*(S n ;R) — > H*(QX; R). Let 
hx(oi) = a* (in), where i n is a generator for H n (S n ). One can check that this map is well 
defined and is in fact a homomorphism. 

Concatenation of loops induces an algebra structure on H if (QX; R) (Sel97j called the 
Pontrjagin product. If / : X — > Y then using this algebra structure on H*(QX; R) and 
H*(QY; R) the induced map 

(fi/)„ : H*(QX; R) -> #*(fiY"; i?) (3.2) 

is an algebra map. Using this algebra structure, the commutator bracket [a, b] = ab — 
(— l)' a " 6 '6a gives H*(QX; R) the structure of a Lie algebra. 

Given a 6 7r m (fLY) <g> and /3 G 7r n (fiX) ® i? define G 7r m+ „(fiX) <8> i?, called 

the Samelson product, as follows. Let / : S m —>■ QX and g : 5* n — > fLY be representatives 
of a and /3. Define /i : S m x S n —>■ QX by letting h(x, y) be the loop obtained by 
concatenating the loops f(x), g(y), —f{%) and —g(y), where the negative of a loop is 
the loop traced in reverse. Since h\ contractible one can show that there is an 

induced map S m+n QX. Let [a, ft] be the homotopy class of this map. One can check 



that the Samelson product gives 7r* (QX) ® R the structure of a Lie algebra [Sel97 
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Using these products the Hurewicz map hx '■ ^(fiX) <g> R — > P*(fiX; R) is a Lie 



algebra map (Sam53j . Let Lx denote the image of hx and call this Lie subalgebra of the 
loop space homology the Hurewicz images. A map / : W — > X induces a map Lw — > Lx- 
Denote the image of this map by , and let [Lx] be the Lie ideal in Lx generated by 



tW 



Given a G 7T m (X) and (3 G ir n (X) there is a Whitehead product [a, 0\ G 7r m+n _i(X) 
which can be defined as follows. Let u) mn '■ S m+n ~ 1 — > S m V S n be the attaching map of 



the top cell in S m x S n . An explicit description is given in [FHT01]. [a, f3] is then the 
homotopy class represented by the composite S m+n ~ 1 m '"> S m V S n X where a and 
b are representatives of a and (3. Up to sign, the Whitehead product can also be defined 
using the adjoint (defined below) of the Samelson product [Sel97 . 

Assume R C Q is a subring containing | and assume H*(QX; R) is torsion-free. Let 
P be the set of invertible primes in R, and let P = {p G Z | p is prime and p ^ P} U {0}. 
Let F = Q. Then Vp G P we have the commutative diagram 



7T* (fiX) <g> P fex * (OX; P) 



-®F P 



7r,(fiX) <g> Fp^H^QX; R) <g> F p — ^~ F*(fiX; F p ) 

where the bottom right map is the isomorphism given by the Universal Coefficient The- 
orem. Abusing notation we will refer to the composition of the bottom two maps as 
hx ®F p and refer to its image as Lx ®F P . It is easy to check that this is the same as the 
map h x '■ tt*(OX) ® F p — > P*(f2X; F p ) defined in (\3.1\ ) when R = F p . We will sometimes 
denote hx ® F p and Lx <£> F p by hx and Lx omitting p from the notation. 

If / : W -> X and #*(£W; P) and P*(fiX; R) are P-free then Vp G P there is an 
induced map L w — ► Lx- Denote the image of this map by L^ , and let [L^] be the Lie 
ideal in Lx generated by U^. 



When R = Q Milnor and Moore [MM65J proved the following major result about the 
rational Hurewicz map. 
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Theorem 3.5 (The Milnor-Moore Theorem [MM65] ). The rational Hurewicz ho 



momorphism h x '■ 7r*(fiX) <g> Q — > H*(QX;Q) is an injection, and furthermore, as 
algebras H*(ttX; Q) = UL X - 

In Theorems M\ and E we prove versions of this theorem for more general coefficient 



rings under certain hypotheses. See |ScoJ for another extension of the Milnor-Moore 
Theorem. 

Given a space X define the (reduced) suspension EX, as follows. Let EX = (Xx7)/~ 
where (a, 0) ~ (6,0), (a, 1) ~ (6,1) and (*,s) ~ (*,t), Va,6el and Vs,t G I. The 
basepoint is the equivalence class of (*, 0). For example ES"™ = S n+1 and E \ \fj S nj j ~ 

V J ^' +1 - 

Given a map (7 : EX — > y there is an adjoint map <? : X — > fiY~ defined by g(x)(t) = 
g(x, t) for x & X and t E I. Let a : X — > fiEX be the adjoint of id^x- 

Theorem 3.6 (The Bott-Samelson Theorem [BS53] ). Let R be a principal ideal 
domain and let X be a connected space such that H*(X;R) is torsion-free. Then 

H,(nEX-,R)*T{H,{X]R)). 

Furthermore a : X — > fiEX induces the canonical inclusion if*(X; i?) "—>■ T(_H*(X; i?)). 

Example 3.7. H*(ttS n+l ;R) = T(x) = Uh(x) where |x| = n. Furthermore x = 
h S n+i([a}) where a : S n -> ftS n+1 is defined above. Therefore #*(£XS n+1 ; i2) S C/L S n+i. 

Example 3.8. #*(fi(Vj 6 J S n J +1 ); R) = TV = C/LV where V is a free iZ-module with 
basis {xjjjgj and = n^. Let Lj : 5"™ J — > \fj e jS nj denote the inclusion of one of the 
spheres. Then Xj = L^+ifla o Lj]) and hence H^i^Qiy/ j eJ S nj+1 ); R) = ULyg^+i. 

In Section 14.31 we will need the following infinite mapping telescope construction for 
the localization of CW-complexes. Let 

v Jl v 32 v 3n 

A.\ — > A.2 — ► • • ■ A n — > . . . 
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be a sequence of maps between topological spaces. The infinite mapping telescope of this 
sequence is the space 

T = ^JJ(X„ x [n- l,n])j j ~ where (x n x {n}) ~ (j n (x n ) x {n}). 

3.2 Adams-Hilton models 

Let R be a principal ideal domain containing |. Given a differential graded algebra 
(dga) A, a dga morphism A' — > A is called a model for A if it induces an isomorphism on 
homology. If A' = (TV, d) then it is called a free model. A model for a simply-connected 
topological space Z means a model for CUl(VtZ) where CUl() is the first Eilenberg 
subcomplex of the cubical singular chain complex. If such a model is free it is called an 
Adams-Hilton model (AH-model) [AH56 . 

Every simply- connected topological space Z has a (non-unique) AH-model 

9 z :A(Z)^CUl(QZ). 

This induces an isomorphism of algebras H :¥ (A(Z)) ^ H*(QZ; R). We will usually 
denote an Adams-Hilton model by just A(Z). We state some basic properties of these 
models. 

For any map / : X — > Y between simply-connected CW-complexes and any choice of 
Adams-Hilton models (A(X),6x) and (A(Y),8y) there is a dga homomorphism A(/) : 
A(X) — > A(Y) which comes with a dga homotopy ipj from CUl(Qf) o 6 X to Qy o A(/). 

If X is a finite-type CW-complex then a CW-structure on X determines an Adams- 
Hilton model on X as follows. The CW-structure gives a sequence of cofibrations 

W Va " J ) — > X (n+1) 

where X^ 1 ' is the n-skeleton of X and each index set J n is finite. Let {x n ,j}jej n be a set 
of graded elements with \x n j\ = n. Let V n = R{x n ,j}j£j„ and let V = Q) n V n . One can 
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choose (TV, d) as an AH- model for X, where the differential is defined inductively and 
satisfies dx n j C ZiT (©"T^ VA , d). 

Let / : W — > X be a map between finite-type simply-connected CW-complexes where 
W = \J j( ,jS n i, f = V/j G j«i> H*(nX;R) is torsion-free and H*(QX;R) = UL X (recall 
L x from Section [3TT] ) . Let Y be the adjunction space IUj (Vje,/ e ™ J+1 ) • Then one can 
take 

A(Y)=A(X)m{ yj ) jeJ , (3.3) 

where T(yj)j e j is the tensor algebra on the free i?-module R{yj}j & j and AH B is the 
coproduct or free product of A and B. The differential on A(Y~) is an extension of the 
differential on A(X) satisfying dyj e A(X). Furthermore if d' is the induced map 

d' : R{yj} -> ZA(X) -» if A(X) -=» #*(QX; i?) E/X x 

then = hx{otj) G -Lx- That is, A(V) is a dga extension (see Section 12.41 ) of 
(A(X),L X ). 

We can filter A(Y) as a dga by taking F^A(Y) = 0, F A(Y) = A(X) and for % > 0, 
F i+ iA(F) = Yij=o F iH Y ) ■ R{Vj}j&J ■ Fi-jA{Y). This filtration induces a filtration 
on HA(Y). From the filtration on A(Y) we get a first quadrant spectral sequence 
g r(A(F)) gr(#A(Y)) (see Section ^51). 

3.3 Some lemmas 

We will prove some results using Adams-Hilton models which we will need in Chapter [7] 
Let R be a principal ideal domain containing |. 

First we need the following Adams-Hilton models of some standard spaces. Recall 
from Section [3721 that there is an Adams-Hilton model corresponding to a CW structure. 
Consider S m with the CW structure S™ = * U e m . Its corresponding AH model is 
(T(a), 0) where \a\=m-l. Attach another cell to get the disk D™ +1 2* Sfi 1 U e m+1 . Its 
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corresponding AH model is (T(a, b), d) where \a\ = m — 1, \b\ = m, da = and db = a. 
We fix the AH model for the inclusion t : S™ D™ +1 to be the homomorphism defined 
by A(t )(o) = a. 

For any s, the sphere also has the following more complicated CW structure 

/ s \ 

b s = I V D J U EU^ e 

where the attaching map for the last cell is given by the inclusions of the spheres into 
\/ s k=1 S™. Its corresponding AH model is (T(ai, . . . a s , bo, . . . b s ), d) where |aj| = m — 
1 \bi\ — m, dcti = 0, dbi = a>i for 1 < i < s, and dbo — a\ + . . . + a s . Furthermore there 
is a homeomorphism 

* : S m+1 ^ (3.4) 

which has an Adams-Hilton model that sends a to b\ + . . . + b s — &o- 

Recall from Section |3.1| that the Whitehead product is defined using a map to m>n : 
^m+n-i ^ 5 m v If we take (T(a m+ „_i) , 0) and (T(a m , o»), 0) to be the Adams-Hilton 



models of those spaces then by (AH56[ Corollary 2.4] we may take A(o; TO) „)(a 7n+r ,,_i) = 
±[a m , a n ). We will make use of the following fact. 

Lemma 3.9. fAni89[ Lemma 5.2] Let (T(a,b),d) with db = a be an AH model for 
D™ +n . Let (T(a',b',c'),d) be an AH model for D™ +1 V S£ where d corresponds to the 
Sq and d{b') = a'. Then there is an extension of ±ou min : S"^™ -1 — > S™ V Sfi to a map 
f : _D™ +n — > D™ +1 V Sq +1 whose AH model may be chosen so as to satisfy 

A(/)(a) = [a',c'], A(/)(6) = [b',c% and V/(a) G CU(fi(S m V SJ)). 

From this we prove the following lemma which we will need in Chapter [7] to construct 
a map S' m+1 — > Y . It is a slight generalization of |Ani89[ Lemma 5.3] and we copy Anick's 
proof. 

Lemma 3.10. Suppose we are given a simply- connected space X for which there exists 
a Lie algebra map ax right inverse to h X - In addition we are given c G R, a map 
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a : Sq +1 — > X, andxi G ZA(X), fori = 1, . . .t such that [xj] G L x and/?; : S' ni+1 ^ X is 
the adjoint of o~x([%i])- Choose an Adams-Hilton model A (a). Let z = A (a) (a) G A(X) 
and let Y = X U a e n+2 . Then we can choose A(Y) = A(X) II T(y) with dy = z. In 
addition there exists a map g : (D™ + ,S™) — > (Y,X) such that g\$™ = ec[[a, fli, . . .f3 t ], 
where e = ±1. Furthermore A(g) may be chosen so that A(g)(a) = c[[z,X\, . . . x t ] and 
A(g)(b) = c[[y,x\, . . . x t ] and the dga homotopy ip g {a) lies in the submodule CU*(QX) C 

Proof. The proof is by induction on t, the length of the list of indices. When t — 0, 
AH561 Theorem 3.2] tells us that the AH model A(a) may be extended over A(Dq +2 ) 
such that the generators a and b are sent to z and y. Composing this with the degree c 
map from Dq +2 to itself gives the map g for which A(g)(a) = cz and A(g)(b) = cy. 

For the inductive step, suppose the result to be true when the list has t — 1 elements. 
Let ra / = n+ l+7ii + ... + n t -\. Then the inductive hypothesis gives us a map 

g' :(D™' +1 ,S™')^(Y,X) 

satisfying A(g')(a') = c[[z,xi, . . . x t -i], A(g')(b') = c[[y, x\, . . . Xf-i) and furthermore 
i> g {a!) G CU„(p,X). Define a map 

g" = g' V A : (D™' +1 V 5 n ' +1 , S™' V 5 "' +1 ) - (Y, X) 

with A(g") an extension of A(g') such that A(g")(c') = x t where d is the generator 
corresponding to 5*Q t+1 . Let / denote the map of Lemma |3.9[ where m = m' and 
n = n t + 1, and set g = g" o /. Take A(g) = A(g") o A(/). Then g has the desired 
properties. □ 



Chapter 4 

The Cell Attachment Problem 



In this chapter we review various topological constructions and results. We also motivate 
and define our main topological objects of study: cell attachments which are free and 
semi-inert. 



4.1 Whitehead's cell-attachment problem 

One of the oldest questions in homotopy theory asks what effect attaching one or more 
cells has on the homotopy groups and loop space homology groups of a space. This 
questions was perhaps first considered by J.H.C. Whitehead [Whi41j , (Whi39 [ Section 6], 
around 1940. 

The cell attachment problem: Given a simply-connected topological space X and a 
cofibration 

jeJ 

how is H*(ttY; R) related to H*(QX; R) and how is 7r*(F) related to ir*(X)7 

We assume that H^VLX; R) is torsion-free. This condition is trivial if R is a field. For 
R C Q one can often reduce to this case by localizing (see Section |4.3j) away from a finite 
set of primes. Even if the loop space homology of a given space has torsion at infinitely 
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many primes }Ani86[ |Avr86J one might be able to study the given space by including into 



a space X such that H*(ttX; R) is torsion-free [Ani89 

The inclusion i induces an algebra map (fli)* : R) — > H*(QY] R) (see ( 13.21 )). 

Recall (from Section [3TTT ) that hx denotes the Hurewicz map and that 6tj is the adjoint of 
atj. Let W = \J - eJ S ni , let aj = h x (6>j) and let V± = R{yj}j£j where \yj\ = |aj|+l. Using 
the notation of Section |3.1[ is the Lie subalgebra of L x C H*{VLX; R) generated by 
{dj}j € j. Let (Lj£) C H*(riX] R) be the two-sided ideal generated by . Since (fM)* is 
an algebra map = and hence (Hi)* factors through the quotient map. 

H^nX-R) — ^H*({IY;R) (4.1) 




H*(QX;R)/(Lf 

We will say that the attaching map / is inert [HL87J if H*(QX] R)/(L^) is torsion-free 
and g is an isomorphism. 

Remark 4.1. Note that if R C Q and / is inert then H*(QY; R) is R-free. Thus by the 
Universal Coefficient Theorem Wp e P, F*(OF;F p ) S H m ($lX',W p )/(L% ). That is, / is 
inert over F p (p-inert in [HL96J ). 

Example 4.2. X = 5^ VSf and F = lU/e 8 , where / is the iterated Whitehead product 
[[i OJ tj] with t a and t& the inclusions of and Sf in X. 

By the Bott-Samelson Theorem (Theorem 13.61 ) H*(QX; R) = T(x,y). Let / be the 
two-sided ideal in H*(QX; R) generated by the image of /. That is, I is the two-sided 
ideal generated by [[x, y],y]. 

For an Adams-Hilton model of F we can take (see Section \372\) U"L(Y) where L(F) = 
(L(x, y, a),d), dx = dy = and da = [[x,y),y]. So H*(QY;R) = HUL(Y) as algebras. 
By Example H HUL(Y) = U(h(x,y)/[[x,y],y]) = UL(x,y)/([[x,y],y}) as algebras. 
Thus H*(QY; R) = H*(QX; R)/I as algebras and / is an inert attaching map. □ 
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If R is a field then Halperin and Lemaire (HL87J showed that g is surjective if and only 



if it is an isomorphism. In general the map g in ( 14.11 ) need not be injective or surjective. 
The attaching map / is said to be nice [HL96J if the map g ( 14.11 ) is injective. As we will 
see in Example 14.81 / can be nice but not inert. 

The following theorem gives an equivalent characterization of the inert condition. We 
will use it as motivation to generalize the inert condition. It is proved by Halperin and 
Lemaire [HL87 [ Theorem 3.3] if R = Q, and Felix and Thomas [FT891 Theorem 1] if R 
is a field of characteristic ^ 2. 

Theorem 4.3 ([ IHL87L FT89J). Let J = [L%] C L x be the Lie ideal of L x generated 
by Lx . If R — Q or¥ p where p > 3 then f is an inert attaching map if and only if 

(i) J is a free Lie algebra, and 

(ii) J /[J, J] is a free U(Lx/ J) -module. 

We will study attaching maps which in general do not satisfy the second condition. 
If R = Q or F p we define / to be a free attaching map if [L^] C Lx is a free Lie algebra. 
If R C Q we define the attaching map / to be free if for each p e P, [L^] C L x is a free 
Lie algebra. 

This condition is a broad generalization of the inert condition and we will prove 
results about H^^flY; R) if / is a free cell attachment (see part (i) of Theorems O and 
ID] ). However many free cell attachments satisfy a second condition. We define this 
condition below and call it the semi-inert condition. Under this condition we are able to 
determine H*(QY; R) as an algebra (see part (ii) of Theorems \C\ and [D}. We will show 
that it too is a generalization of the inert condition. 

We will use the following filtration on H*(QY; R). Recall from Section 13.21 that X 
and Y have Adams-Hilton models A(X) and A(Y) satisfying A(Y) = A(X) H TVi 
where V x = R{yj} j£j . A(Y) is filtered by taking F_iA(Y) = 0, F A(Y) = A(X) and 
for n > 0, F n+1 A(Y) = J2to F i A (Y) ■ • F n ^A(Y). Since dF n A(Y) C F n A(Y) and 
F n A(Y) ■ F m A(Y) C F n+m A(Y) this makes A(Y) into a filtered dga. There is an induced 
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dga filtration on HA(Y). Since H*(QY; R) = HA(Y) there is a corresponding filtration 
on H*(QY; R). Let gr^H^^QY; R)) be the associated graded object. For degree reasons 
gr^fW; R)) is a gr (#*(W; J R))-bimodule. 

Let L = (L x II hVx, d!) where c% = h x {dj). Note that [dT4] = [Lf ]. If we let L x 
be in degree and Vi be in degree 1 then L is a bigraded dgL and HL is a bigraded 
Lie algebra. Let (HV)i denote the component of HL in degree i. Then for degree 
reasons (HL)i is a (i7L) -module. Thus by Remark [27L1 there exists a semi-direct product 
(HVjo x L(#L)i. 

We will use the following lemma to define the semi-inert condition. Since this condi- 
tion is not used in the statements or the proofs of Theorem 0(i) and Theorem \D\i) we 
will take the liberty of using these results. 

Lemma 4.4. Let f : W —>■ X be a free cell attachment and let Y be the corresponding 
adjunction space. Then the following conditions are equivalent: 

(a) (HL) x L(#L)i £ (HL) II hK for some free R-module K C (HV) 1; 

(b) (H~L)i is a free (HL) -module, and 

(c) gi^H^iVtY] R)) is a free gi (H^(VLY] R))-bimodule. 

Proof. The proof of this lemma is the same as the proof of Lemma 12.111 

(b) =>. (a) Let isT be a basis for [HL) 1 as a free (#L) -module. Then (HV) kL(#L)i = 

(HVjo n hK. 

(a) ==>• (c) Since / is a free cell attachment, by Theorem |Cj(i) or Theorem [Dl(i), 
gr,(#*(fiF; = U ((HL) K L(FL) 1 ). So by (a), 

gr„(^(ny ; i?)) ((fl) n l#) = g r (F*(oy ; it:)) n tic, 

for some free -R-module C (HV)i. Therefore 
gv^H^Y; R)) S [gr (iy*(Oy; i?)) II TiC] x = gr (#*(fty ; i?)) <g> AT <g> gr (H*(nY; R)). 

(c) (b) Let V = (HVjo x L(i?L)i. Then by Theorem 0(i) or Theorem 
gr„(H,{QY;R)) UL' and gr^H^QY; R)) = (UL 1 )^ By (c), (C/L')i is a free (C/L') - 
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bimodule. We claim that it follows that L[ is a free L' -module. Indeed, if there is a 
nontrivial degree one relation in V then there is a corresponding nontrivial degree one 
relation in UL'. □ 

We say that a cell attachment / is semi-inert if / is free and it satisfies the conditions 
of the previous lemma. We justify this terminology with the following lemma. 

Lemma 4.5. An inert attaching map is semi-inert. 

Proof. Let / be an inert attaching map. If R = Q or ¥ p then by Theorem 14.31 [dVi] 
is a free Lie algebra. If R C Q then by Remark 14.11 Vp G P, f (g> F p is p-inert. So by 
Theorem 14.31 for each p e P, [dVi] is a free Lie algebra. So in either case / is free. 

Since (i^L)i = 0, the semi-inert condition is trivially satisfied. □ 

Remark 4.6. For two-cones there is a nice equivalent condition to the semi-inert condi- 
tion. It is known that the attaching map of a two cone Y is inert iff gldim (QY ) < 2. 



Using the main result of |FL92J it follows directly that the attaching map of a two cone 



Y is semi- inert iff gldim (OV) < 3. 

Example 4.7. Let X — S^V S% and let t a , L b denote the inclusions of the spheres into X. 
Let F = IU„, vq-2 (e 8 Ve 8 ) where the attaching maps are given by the iterated Whitehead 
products oti = [[t a , i b ), t tt ] and a 2 = [[t , t 6 ], t 6 ]. 

Let W = S 7 V S* 7 and for z = 1, 2 let dj : S* 6 — > fiX denote the adjoint of Then 
is a homotopy cofibration and [L^] = /ix(«2)]- 

y has an Adams-Hilton model (see Section [372] ) U(L, d) where L = h(x, y, a, b), \x\ = 
\y\ = 2, dx = dy = 0, da = [[x,y],x] and db = [[x, y], y]. Furthermore hx(&i) = [da] and 
hx{&2) = [db]. 

By Example 12.131 as algebras 

HU(L,d) S (F,(OX;ii!)/(Lf)) UT([w\), 
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where w = [a,y] — [b,x]. Thus «i V a<i is nice but not inert. From Example 13.81 
H*(QX; R) ^ UL X . Thus as algebras 

H m (QY; R) = U {L X /[L^} II h([w])) . 

Therefore aci V «2 is a semi-inert attaching map. □ 

Example 4.8. The 6-skeleton of S 3 x S 3 x S 3 . 

This space Y is also known as the fat wedge pel97] FW(S 3 , S 3 , S 3 ). Let X = S 3 V 
S 3 V S 3 . Let L a , Lb and l c be the inclusions of the respective spheres. Let W = Vj=i 
Then Y = X U/ (Vj=i e j) where / : W — > X is given by Vj=i a j with ati = [Lb,L c ], 
&2 = [to ^o] an d «3 = [ L a, I'b]- Let cfcj : S 2 — >■ fiX denote the adjoint of ay. Let I denote 
the two-sided ideal of H*(QX;R) generated by {hx(6tj)}jej- 

Then Y has Adams-Hilton model (see Section [3T2] ) U (L, d) where L = h(x, y, z, a, b, c), 
\ x \ = \v\ = \ z \ = 2, dx = dy = dz = 0, da = [y,z], db = [z,x] and dc = [x,y). By 
Example \27\M as algebras HU(L,d) = U(L ab ([x}, [y], [z]) II L([w])) where w = [a,x] + 
[b, y] + [c, z] . Therefore, as algebras 

H*(QY; R) = (H*(QX) R)/I) n T(H>- 

Thus / is nice but not inert. 

From Example 13.81 HjVtX\ R) = ULx- Let [Lj[] C Lx be the Lie ideal generated by 
Ljf. Then as algebras 

H*(QY; R)^U ((L X /[L^]) II h([w])) . 
Therefore / is a semi-inert attaching map. □ 

4.2 Correspondence between topology and algebra 

Let R = Q or ¥ p where p>3ori?cQbea subring containing |. Let W — ► X — > Y be 
the cofibration in the previous section where W = Vj S j / = Vie J a i anc ^ -R) 
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is torsion- free. Let &j denote the adjoint of acj. Let A(X) and A(Y) be the corresponding 
AH-models given in Section HTjfl Recall that A(Y) = A(X) II T(y j ) jeJ . 

Recall from Section 13.11 that Lx is the image of the Hurewicz map. Assume that 
H*(nX;R) = UL X as algebras. Let d! : R{yj} -> ZA(X) -> HA{X) ^ UL X be the 
induced map. Recall from Section [372] that d'yj = hx{&j) € Lx- That is, A(Y) is a dga 
extension of (A(X), L x ) (see Section [2741 ). Therefore the notation L = (LxLTT(^)j e j, cf') 
defined in Section 14.11 is consistent with the notation defined in Section 12.41 

In fact if V\ = R{yj}j<=j then d'Vi C Pf and the Lie subalgebra of L x generated by 
d'V\ is L^f. Recall that [V] C Lx denotes the Lie ideal generated by V C Lx- Therefore 
[L^] = [d'Vi]. Similarly if R C Q then for each p 6 P, [If] = [d'V x ). 

Recall from Section 14.11 that if R = Q or ¥ p then / is free if [Lj[] C Lx is a free Lie 
algebra, and if R C Q then / is free if for each p £ P, [Zf ] C Px is a free Lie algebra. 
Also recall from Section |2.4| that if R = Q or ¥ p then A(Y) is a free dga extension of 
A(X) if [d'Vi] C Px is a free Lie algebra and if R C Q then A(y) is a free dga extension 
of A(X) if for each p G P, [d'Vi] C Px is a free Lie algebra. 

Since [Lx] = [d'Vi] and [L^] = [d'Vi], the conditions for / being free and A(Y) being 
a free dga extension of A(X) coincide. Likewise the inert and semi- inert conditions (see 
Sections 14.11 and |2.4[ ) coincide. 



4.3 Loop space decomposition theory 

Let X denote a simply-connected CW complex of finite type. Let R C Q be a subring 
of the rationals containing 1/2 and 1/3. Let P be the set of primes invertible in R. Let 
F = Q or F p , where p ^ P. 

An important idea in homotopy theory is to show that a given loop space is homotopy 



equivalent to a product of other spaces | |CMN79al |Hus80l ICoh95] . In particular, one can 



try and show that a space is homotopy equivalent to a product of simpler atomic spaces 
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(defined below). These simpler spaces will have the property that their loop spaces are 
not homotopy equivalent to any nontrivial product. For example, if one can show that 
QY « U.Yi then vr n (F) = tt^QY) = n^n-iOS)- 

A space Y is called atomic if it is r-connected, 7T r+ i(Y) is a cyclic abelian group, and 
any self-map / : Y — > Y inducing an isomorphism on 7r r+1 (Y) is a homotopy equivalence. 
Let S = {S' 2m ~ 1 , QS 2m+1 \ m > 1}. The spaces in S are atomic. Let FJiS be the collection 
of spaces homotopy equivalent to a weak product of spaces in S. The properties of the 
homotopy groups of spaces in rj5 are determined by the properties of the homotopy 
groups of spheres. For example if QX £ []S then X 'satisfies the statement of the 



Moore conjecture' [Sel 88] . We make a brief digression explaining this statement. 

Let X be a finite simply-connected CW-complex. The homotopy groups of X, 
{ir n (X)} n >2, are finitely-generated abelian groups. As such, each has a torsion- free sub- 
group Z rn , and for each prime p, a finite subgroup G n>p of the elements with order p t 
for some t. Since each p-torsion subgroup G niP is finite, there is a number m such that 
p m ■ l7„ iP = 0. After tensoring ir n (X) with the rational numbers Q, only the torsion-free 
subgroup remains. 

Call an integer M an exponent for a group G if M-x = Vx G G. Call p M a homotopy 
exponent for X at the prime p if Vn, p M ■ l7„ )P = 0. Call p M an eventual H -space exponent 
for X at the prime p if p M is an exponent for Q N X for sufficiently large N. The existence 
of an eventual if-space exponent implies the existence of a homotopy exponent. 

We say that X is rationally elliptic if tt*(X) <g> Q is finite. Otherwise X is said to be 
rationally hyperbolic. The Rational Dichotomy Theorem of Felix, Halperin and Thomas 



FHT821 Fel89l FHT01J states that if X is rationally hyperbolic then tt*(X) <g> <Q> grows 



exponentially. Similarly H*(QX; Q) grows polynomially for rationally elliptic spaces and 
exponentially for rationally hyperbolic spaces. 

In the late 1970's, J.C. Moore conjectured a deep connection between the rational 
homotopy groups 7r*(X) (g) Q and the p-torsion subgroups for each prime p [Sel88 . 
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Conjecture 4.9 (The Moore conjecture). Let X be a simply- connected finite CW- 
complex. 

(a) if X is rationally elliptic then X has an eventual H-space exponent at every prime p, 
and 

(b) if X is rationally hyperbolic then X does not have a homotopy exponent at any prime 
P- 

This conjecture has been verified to hold for all but finitely many primes for elliptic 
spaces [MW86] and for 2-cones [Ani89] , but there have been only sparse results for spaces 



outside these two classes [NS82[ |Sel83j . 

Lemma 4.10. IfVtX e \\S then for all primes p, X is rationally elliptic if and only X 
has a homotopy exponent at p if and only if X has an eventual H-space exponent at p. 

Proof. By assumption QX « Yliei ^ i ^ or some ^ Then X is rationally elliptic if and 



only if / is finite. By [CMN79c, CMN79b] and [Gra69] this coincides with the existence 



of a homotopy exponent and an eventual H-space exponent. □ 

From this it follows immediately: 

Corollary 4.11. Let R C Q be a subring containing ~. Let W — > X — > Y be a cell 
attachment satisfying the assumptions of Theorem\F\. Then Vp ^ Py (see Section \4J$ , 
Y is rationally elliptic ifJY has a homotopy exponent at p iffY has an eventual H-space 
exponent at p. 

Let R C Q be a subring with invertible primes P and let X be a simply- connected 
topological space. Then there exists a topological analogue to the algebraic localization 
of a Z-module at R. We will denote the localization at R by Xr which we will also call 
the localization away from P. 

There are many localization constructions. Perhaps the most widely used is that of 
Bousfield and Kan (BK72J (outlined in [Sel97]). We present a simple construction for the 
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localization of CW-complexes (FHT01J . One can construct S R to be the infinite mapping 



telescope (see Section 13.11 ) of the sequence of maps 



Q<n Jl ^ qu 33 ^ 3 n ^ 



where jk is the degree m& map where rrik is the product of the first k primes in P. 
Note that e n+1 ^ (S n x I)/{S n x {0}). We can localize the (n + l)-cell by letting 
e R +1 = {Sr x I)/{Sr x {0})- Since we can localize cells and spheres we can localize any 



CW-complex. One can check that this construction is functorial (FHTOlj . Furthermore 
n*(X R ) = tt*(X) ® R and H*(X R ) = H*{X) ® R. 



The following is an expanded version of the Hilton-Serre-Baues Theorem (Bau81 



Ani92j . Recall from Section 13.11 that if H*(£IX; R) is torsion-free, we have maps hx 



and hx <£> F. Since hx, hx <£> IF are maps of Lie algebras taking Samelson products to 



commutator brackets (Sam53j , they induce maps hx ■ Un^iVtX) <g> R — > H*(£IX; R) and 



h x ® F : C/7r*(fiX) <g> F -> F). 

Theorem 4.12 (The Hilton-Serre-Baues Theorem). The following are equivalent. 

(a) There exists an R-equivalence A : FJ i Tj — > fiX where T{ G 5 and t/ie factors 
correspond 1 to an R-basis of the image of hx- That is, localized at R, QX E []5. 

(7>j H*(QX; R) is R-free and the map hx is surjective. That is, H*(QX; R) is gener- 
ated as an algebra by the image of h x . 

(c) H*(QX;R) is torsion-free and equal to a universal enveloping algebra generated 
by im(hx)- 

(d) H*(QX; R) is torsion-free and Vp ^ P the map hx <8> F p is surjective. That is, 
iJ*(fiX;F p ) is generated as an algebra by the image of hx ®F p . 

(e) H*(QX; R) is torsion-free and for all p ^ P, H*(QX;F P ) is equal to a universal 
enveloping algebra generated by im(hx <8> F p ). 



1 For Xi € tt^(X)(E) R, let A be the adjoint and {h(Xi)} a i?-basis for Lx- If rii is even then Tj = S ni 1 
and Xi = X, : Ti -> QX. If m is odd then T; = QS n > and L = : Tj -► fiX. 
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Proof, (a) <=> (b) is the usual statement of the theorem ( |Bau81[ Lemma V.3.10], see also 
(Ani89[ Lemma 3.1]). 

(a) =>- (c) By assumption, we have that H*(QX; R) = H^(Y[Ti] R). Use the Eilenberg- 
Zilber theorem and the Kunneth theorem to write this as ®iH*(Ti; R). Let m be an odd 
number. Then by the Bott-Samelson Theorem (Theorem 13.61 ) H*(QS m ; R) = LTL(x TO _i). 
In addition H*(S m ; R) = U"L ab (x m ), where h ab denotes the abelian Lie algebra. Therefore 
H*(QX; R) = ®iULi = U(\\ i Li), where Lj is generated by a Hurewicz image. 

(c) => (b) is trivial. 

Also (c) =>- (e) =^> (d) is trivial. 

(d) (b) hx <S> Q is surjective by the Milnor-Moore theorem. Since hx <8> F p is 
surjective for all p $L P, it follows that hx is surjective. □ 



4.4 Implicit primes 

Let R C Q be a subring with invertible primes P D {2, 3}. 

Consider the cofibration W - - J > X — * F , where W = \fj e j S nj 1S a finite-type 
wedge of spheres, H*(QX; R) is torsion-free and as algebras H*(QX; R) = ULx- 

We may need to exclude those primes p for which an attaching map ctj G tt*(X) 
includes a term with p-torsion. We will define this set of implicit primes below. 

Recall from Section 13.11 that hx '■ tt^(QX) <g> R — > Lx C i?) is a Lie algebra 

map. Assume that there exists a Lie algebra map ax '■ L x — > 7r*(fiX) <g> i? such that 
h x oa x = id Lx . 

By the Milnor-Moore theorem [MM65], hx, o~x are rational isomorphisms, so im(o"x ° 



hx — id) is a torsion element of 7r*(QX) <g>R. Let 7j = o~xhx{dj) — &j where ckj : S^ -1 — > 
QX is the adjoint of ctj. Then = G ^(fLT) ® i? for some tj > 0. Let tj be the 
smallest such integer. 

Define Py, the set of implicit primes of F as follows. A prime p is in Py if and only 
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if p G P or p\tj for some j G J. We can invert these primes in R to get a new ring R' = 
7h\Py~ x \ with invertible primes Py. Localized away from Py, acj = o~xhx((%j) — o~x(dyj)- 
The implicit primes have the following properties. 

Lemma 4.13. (a) Let {xi} be a set of Lie algebra generators for Lx and let $ = o~x x i- 
If all of the attaching maps are R-linear combinations of iterated Whitehead products of 
the maps fit, then Py = P. 

(b) If P = {2,3} and n = dim(Y) then the implicit primes are bounded by max(3, n/2). 

Proof, (a) Since ax is a Lie algebra map, in this case each ctj G im(o~x)- So ctj = ox a j 
for some dj G L X - Then o~xhxctj = axhx°~xa = ffxa = oij. Therefore Vj, jj = and 

Py = P. 

(b) We assumed that H*(QX;R) = ULx as algebras. By the Hilton-Serre-Baues Theo- 
rem (Theorem HTT21) QX G []<S. So QX « ]J S 2 " 1 ^ 1 x Y\QS 2m 'k +1 where m„ m' k > 1. 
Take otj to be the map &j : S n i -> f] S 2 ™ 1-1 x II ttS 2m '* +1 . Thus let a s = (g h g' k ) where 
g { : -> S 2 ^" 1 and g' k : ^ -> VtS 2 < +1 . So </< G vr^ 2 ^" 1 and g' k G 7T n . + i-S' 2m fc+ 1 . 

Now in ir*(S n ) the first p-torsion element occurs in ir n+2 p-3(S n ) ■ Since tt^S 1 ) = for 
/ > 1 so we can assume n > 3. So there exists p-torsion in iri(S n ) only if / > n + 2p — 3 -v^ 
p < (I — n + 3)/2 < 1/2 (since n > 3). Hence ctj contains p-torsion only if p < (n, + l)/2. 

Since nj < n — 1 the lemma follows. □ 



4.5 Ganea's fiber-cofiber construction 



We review Ganea's construction Gan65 . Let 



FAlAy (4.2) 

be a fibration. Let X' be the cofiber of F A- X. Since ( 14.21 ) is a fibration p o t = *. 
Therefore p extends to a map p' : X' — > Y. Let F' be the homotopy fiber of p' . 
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Theorem 4.14 (Ganea's Theorem [Gan65] ). F' is weakly homotopy equivalent to 
F*ttY (where A* B is the join of A and B \SeWfp . 



Rutter (Rut71J strengthened this theorem to the following. 
Theorem 4.15 (|Rut71J). F' w F * QY. 

Remark 4.16. If F —>■ X — > Y is a fibration of CW-complexes then by Whitehead's 
Theorem (Theorem 13.31 ) these two theorems are equivalent. 



Mather (Mat 75] generalized Ganea's construction as follows. Given the fibration ( 14.21 ) 
above and a map W — > X such that po f ~ *, let X' be the cofiber of /. Since po / ~ *, 
p can be extended to a map p' : X' — > Y. Let F' be the homotopy fiber of p' . This 



construction is also used in [FT88 

Since p o f ~ * there is a lifting g : W — ► F. Let be the cofiber of g. 

Theorem 4.17 (|Mat75J). There is a cofibration K -> F' -> F * fir. 

Since Ganea's construction begin and ends with a fibration we can iterate the con- 
struction to get the following commutative diagram of fibrations. 




Let F n be the homotopy fiber of p n . 

For example starting with the path-space fibration QX — > PX — > X the iterated 
Ganea construction together with Theorem 14.151 gives that F n m (QX)* n (the n-th fold 
join of QX). 

The iterated Ganea construction is particularly useful for studying Lusternik-Schnirel- 



mann category [Gan65[ |Jam95[ IFHTOll |Sel97 . 
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Chapter 5 

The Homology of DGA's 



In this chapter we prove our main algebraic results: Theorems A] and [Bj 

Let R = Q or ¥ p where p > 3 or P is a subring of Q containing |. Recall that if R C Q 

then P is the set of invertible primes in P and P = {p G Z | p is prime and p ^ P} U {0}. 

Let (A, d) be a connected finite-type dga over R which is P-free. Let ZA denote the 

subalgebra of cycles of A. Let A = (A II TVi, d) be a connected finite-type dga over P 

where V± is a free P-module and d\j= d and dV\ C ZA. 

Assume that as algebras H(A, d) = UL as algebras for some Lie algebra L Q which is 

a free P-module. There is an induced map d! : V x A ZA -y HA ■=> C/L . Assume that 

L can be chosen such that d'V\ C L . In other words assume that A is a dga extension 

of ((A,d),L ) (see Section \2A\) . 

Let L = (L II LVi, d'). Then L is a bigraded dgL where the Lie algebra L and the 

free P-module V\ are in degrees and 1 respectively and the differential d has bidegree 

(— 1, —1). Subscripts of bigraded objects will denote degree, eg. M is the component of 

M in degree 0. 

The following lemma is a well-known fact, and the subsequent two lemmas are parts 



of lemmas from (Ani89j . We remind the reader that all of our P-modules have finite 
type. 
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Lemma 5.1. Let R C Q. A homomorphism f : M — > iV is an isomorphism if and only 
if for each p G P ', f ® F p is an isomorphism. 

Let L be a connected bigraded dgL. The inclusion L ^ UL induces a natural map 

if; : UHL -> i7C/L. (5.1) 

Lemma 5.2 ( [ Ani89l Lemma 4.1]). Let R be a field of characteristic k where k = 
or k > 3. T/ien £/ie map ^ m ( 15.1) is an isomorphism in degrees and 1. 

Lemma 5.3 ( [ Ani89l Lemma 4.3]). Let R be a subring of Q containing |. Suppose 
that HUL is R-free in degree and 1. Then HL is R-free in degrees and 1 and the 



map ip in ( 15.1) is an isomorphism in degrees and 1. 

Let R = ¥ where F = Q or F p with p > 3. The Hilbert series of an F-module is given 
by the power series A(z) = S^ =0 (RankF A n )z n . Assuming that A ^ 0, the notation 
(A(z))~ l denotes the power series l/(A(z)). 

Recall from Section 12.41 that A is a filtered dga under the increasing filtration given 
by F_i A = 0, F A = A, and for i > 0, F i+1 A = ^ =0 FjA ■ V t ■ F^A. We showed that 
this gives a first quadrant spectral sequence of algebras: 

(£°(A),d°) = gr(A) ^ E°° = gi{HA) 

where ^(A) = [F p (A) / F p ^(A)] p+q . 

It is easy to check (see Section [23} that (E 1 , d 1 ) = UL and hence E 2 = HUL. The 
following theorem follows from the main result of Anick's thesis |Ani82a[ Theorem 3.7]. 
Anick's theorem holds under either of two hypotheses. We will use only one of these. 

Theorem 5.4. Let R = F. If the two-sided ideal (d'Vi) C ULq is a free ULo-module 
then the above spectral sequence collapses at the E 2 term. That is, gr(HA) = HUL as 
algebras. Furthermore the multiplication map 

v : T(<K#L)i) ® (HUL) -> HUL 
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is an isomorphism and (PPL) = UL /(d'Vi). In addition, 

HA(z)- 1 = HUlL{z)- 1 = (1 + z^HUV)^)- 1 - z{UL G ){z)- 1 - V^z). (5.2) 

Proof. [Ani82a[ Theorem 3.7] shows that the spectral sequence collapses as claimed and 
that the multiplication map TW ®{HUL)q — ► HUL is an isomorphism where W is a basis 
for (PPL) i as a right (PPL) -module. By Lemma 15.21 and the Poincare-Birkhoff-Witt 
Theorem the homomorphism ip(HIj)i (g) (HUL) — > (HU"L)i induced by multiplication 
in HUL is an isomorphism. So we can let W = ip(HL)i. 

The remainder of the theorem follows directly from }Ani82a[ Theorem 3.7]. □ 

Corollary 5.5. If R C Q and for each p G P, (dVi) C UL is a free UL -module then 
HA is R-free iff HUL is R-free iff L /[dVi] is R-free. 

Proof. First (PPL) UL /{d'V x ) P(L /[tf Vi]). So (PPL) is P-free if and only if 
Lo/^Vx] is R-free. 

Let Ap(z), B p (z) and C p (z) be the left, middle and right parts of ( j5.2j ) for F = F p 
with F = Q. Then PA is .R-free iff Vp G P A p {z) = A {z) and HUL is P-free iff Vp G P 
Bp (2) = B (z). Since C/Lo and Vi are P-free, (PPL) is P-free iff Wp G P C p (z) = Co (2). 
Since Wp e P A p (z) = B p (z) = C p (z) this proves the corollary. □ 

We now prove a version of Theorem 5.41 for subrings of Q. 

Theorem 5.6. Let P C Q. If L /[d'Vi] is R-free and for each p G P, (dVi) C UL is a 
free UL^-module, then HA is R-free and the multiplication map 

v : Y(^(HL)x) <g> (PPL)o -> PPL 

zs an isomorphism. Also gr(PA) = HUL as algebras and (PPL) = UL / (d'Vi) . 

Proof. Since L /[d'Vi] is P-free, by Corollary 5.51 so are HUL and PA. It follows from 
the Universal Coefficient Theorem that G P, PA®F P = P(A®F P ) and PPL®F P = 
PP(L®F P ). Hence Vp G P, (PPL) ®F p = (PP(L®F P )) . Using Lemmas Q and ^21 

^(PL)i ® F p (PL)! ® F p P(L g> F p )i = ^P(L <g> F p )l 
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Thus \/p G P 

v®W p : T(if;(HL) 1 <8> F p ) ® {HUL) ® F p -> iJA ® F p 

corresponds under these isomorphisms to the multiplication map 

T(V>(#(L ® F p ))0 ® (#[/(L ® F p )) -> ff(A ® F p ). 

But this is an isomorphism by Theorem 15.41 Therefore v is an isomorphism by Lemma 15.11 
The last two isomorphisms also follow from Theorem 15.41 □ 

The next lemma will prove that if the Lie ideal [d'Vi] C Lq is a free Lie algebra 
then the hypothesis in Anick's Theorem (Theorem 15.41 ) holds. That is, (d'Vi) is a free 
UL -module. 

Lemma 5.7. Let A = UL over a field F . Assume I is a two-sided ideal of A generated 
by a Lie ideal J of L which is a free Lie algebra, hW . Then the multiplication maps 
A (gi W — > I and W <E> A —>■ I are isomorphisms of left and right A-modules respectively. 

Proof. From the short exact sequence of Lie algebras 

-> J -> L -> L/J -> 
we get the short exact of sequence of Hopf algebras |Sel97l Theorem 10.5.3] 



F -> C/( J) -> C/(L) -> C/(L/ J) -> F 

and so UL = UJ® U{L/J) as F-modules. Since J is a free Lie algebra hW, UJ £ TVT. 
It is also a basic fact that U(L/J) = UL/I. Hence we have that 

A = TW ® A/ 1 (5.3) 

as F-modules. Furthermore 

A = I © A/ 1 (5.4) 
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as F-modules. 

Let M(z) denote the Hilbert series for the F-module M, and to simplify the nota- 
tion let B = A/ 1. Then from equations ( 15.31 ) and ( 15.41 ) we have the following (using 
(TW)(z) = 1/(1 -W(z))). 

B(z) = A(z)(l - W(z)), I(z) = A(z) - B(z). 

Combining these we have I(z) = A(z)W(z). That is, / = A <g> W as F-modules. 

Let fj, : A ® W — > I be the multiplication map. To show that it is an isomorphism it 
remains to show that it is either injective or surjective. 

We claim that /i is surjective. Since I is the ideal in A generated by W, any x G I 
can be written as 

x = HidiWib^ ■ ■ -bi m ., where a, G A, Wi G W and b ik 6 L. (5.5) 

Each such expression gives a sequence of numbers {mj. Let M(x) = minmaxj(mj), 
where the minimum is taken over all possible ways of writing x as in ( 15.51 ). We claim 
that M(x) = 0. 

Assume that M(x) = t > 0. Then x = x' + SjajW^jj • • ■ b it , where M(x') < t. Now 
= [wi, fojj ± bi x Wi. Furthermore since J is a Lie ideal [wi, &«J G J = hW, so 

[wi, b h ] = EjCj^w^, w jn .] = H k d k w kl ■ ■ ■ w kNk = S^a^z, 

where ai G A and wi G W. So x = x' + HiH^aia^w^b^ ■ ■ - bi t . But this is of the form 
in ( 15.51 ) and shows that M(x) < t — 1 which is a contradiction. 

Therefore for x G / M(x) = and we can write x = Eja^Wj where G A and u>» G VK. 
Then x G im(/x) and hence /i is an isomorphism. 

Since A is associative is a map of left A-modules. 

The second isomorphism follows similarly. □ 

We are now almost ready to prove Theorems A] and El Recall that A = (All TV±, d) 
where dA d A and dVi C ZA. Also H(A, d) = UL as algebras and if d' : V 1 -> f/L is 
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the induced map then d'(Vi) C L . Let L = (L II hVi,d') with d'L = 0. Recall that 
there is a map ip : UHL — > HUL. A is a filtered dga under the increasing filtration 
given by F_ X A = 0, F A = A, and for i > 0, F i+1 = Y^k=o F k A • v i • i*i-*A. We prove 
one last lemma. 

Lemma 5.8. There exists a quotient map 

f : FxHA -> (HUL)i- (5-6) 

Given R{wi} C (HL)i there exist cycles {wi} C FiA such that f([wi]) = Wi. 

Proof. By Theorem 15.41 (gr(HA))i = (HU"L)i. So there is a quotient map 

/ : F X HA - (gr(i?A)) 1 = (HUL),. 

By Lemma 15.21 (-HX)i = (ipHJS)i C (HUL)i. So for each w)j one can choose a represen- 
tative cycle Wi G ZF\A such that /([wj]) = Wj. □ 

We are now ready to prove Theorem [AJ We prove a slightly more detailed form of 
the theorem which we now state. 

Theorem 5.9 (Theorem [A). Let R = ¥ where ¥ = Q or ¥ p with p > 3. Let (A,d) 
be a connected finite-type dga and let V\ be a connected finite-type ¥ -module with a map 
d : V\ — > A. Let A = (A II TVi, d). Assume that there exists a Lie algebra L such that 
H(A, d) = UL as algebras and d'V\ C L where d' is the induced map. Also assume that 
[d'Vi] C L is a free Lie algebra. That is, A is a dga extension of ((A,d),L ) which is 
free. Let L = (L II LVi, d'). 

(a) Then as algebras 

gr(FA) S U((HL) x L(ifL)0 
u^/i (ffL)o = L /[d'Vi] as Lie algebras. 

(b) Furthermore if A is semi-inert (that is, there is a free R-module K such that (-ff'L)o k 
L(#L)i = (i?L) HLi^J then as algebras 

HA * [/((ifLjoIILK') 
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for some K' C F\HA such that f : K' ^> K, where f is the quotient map in Lemma [578i 

Proof. Let R = F where F = Q or F p with p > 3. Assume [d'Vi] C L is a free Lie 
algebra. 

(a) By Lemma \577] (d'Vi) C ULq is a free t/Xo-module. So we can apply Theorem |5.4| to 
show that gr(if A) = HUL as algebras and that the multiplication map 

v : T(^(flL)i) <g> (OTL) -> 

is an isomorphism. 

By Lemma E2\ (HUL) ^ U(HL) and V>(#L)a = (#L)i. By the definition of 
homology (flL) = 

(ifL)o acts on (i?L)i via the adjoint action. Let L' = (-HX)o x L("0(i?L)i). There 
is an induced Lie algebra map u : V — > HUL which gives an induced algebra map 
tt : UL' —>■ HUL. To simplify the notation we will refer to (-HX)o and ip(H\j)i by Lq and 
L' x respectively. 

Recall that as i?-modules, V = L' x LL' X . The Poincare-Birkhoff-Witt Theorem 
shows that the multiplication map 

(j) : TL[ ® (#C/L) = C/LLi <g> C/L' -> C/L' 

is an isomorphism. Since u is an algebra map v = u o cj>. Therefore u : UL' — > HUL is 
an isomorphism. Hence gr(HA) = UL' as algebras. This finishes the first part of the 
Theorem. 

(b) Recall that Lq acts on L' x = (ipHIj)i = (i^L)i via the adjoint action. Assume that 
A is semi-inert. That is, 3{w)j} C such that L' = L^HLil", where K = R{wi}. Recall 
from (a) that HUL = gr(HA) and that the inclusions L' C HUL and G HUL induce 
a Lie algebra map 

u : L' ->gr(i?A). 
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By Lemma 15.81 3 w, G i*\A such that f([wi\) = Wi where / is the map in ( J5.6I ). Let 
K' = R{[wi}} C FxHA, and let L" = L' Q II LK'. Then / : K' ■=» K and / induces an 
isomorphism L" L' . 

By part (a) L' C (gr#A) . Since F^HA = 0, (gr#A) C HA, so L' C if A. Since 
L' Q , K' C if A there are induced maps 

L" — //A , 




where ^ is an algebra map. 

Grade L" by letting Lq be in degree and K' be in degree 1. This also filters L" . 
Then rj is a map of filtered objects. 

From this we get the following commutative diagram 

gr(L")^gr(#A). 




Ugr(L") 

Now gr(L") = L" = L' and gr(?7) corresponds to u under this isomorphism. So p 
corresponds to u which is an isomorphism. Thus gr(#) is an isomorphism, and hence 9 
is an isomorphism. Therefore HA = UL" which finishes the proof. □ 

We will prove a slightly more detailed form of Theorem [B] which we now state. 

Theorem 5.10 (Theorem [B]). Let R C Q be a subring containing |. Let (A, d) be a 

connected finite-type dga and let V\ be a connected finite-type free R-module with a map 
d : V\ — > A. Let A = (A II TVi, d). Assume that H(A, d) is R-free and that there exists 
a Lie algebra Lq such that H(A,d) = ULq as algebras and d'V\ C Lq where d' is the 
induced map. Also assume that L Q /[d'Vi] is a free R-module and that for any p G P, 
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[d'Vi] C Lq is a free Lie algebra. That is, A is a dga extension of ((A,d), L ) which is 
free. Let L = (L II LVi, d'). 

(a) Then HA and gr(HA) are R-free and as algebras 

gr(#A) S U((HL) x L(ifL)0 

wzt/i (-ffL)o — Lo/[d'Vi] as Lze algebras. Additionally (HL)o x L(LTL)i = as Lze 

algebras. 

(b) Furthermore if A is semi-inert (that is, there is a free R-module K such that (H~L) x 
L(#L)i = (HL) WLK) then as algebras 

HA U((HL) II LK') 

for some K' C F\HA such that f : K' K , where f is the quotient map in Lemma [578[ 

Proof. We follow the argument in the proof of Theorem A] to prove Theorem El but add 
an additional argument to show that ipHL = (HJAq x L(f/Tj)i as Lie algebras. 

Let R be a subring of Q containing |. Assume L /[d'Vi) is -R-free and that for each 
p G P, [dVi] C L is a free Lie algebra. 

(a) By Corollary |5.5[ HA and HUL are i?-free and by Lemma [5TT1 for each p E P, (dVi) C 
[7L is a free [7L -module. So we can apply Theorem 15.61 to show that gr(HA) = HUL 
as algebras and that the multiplication map 

v : T(^(^L)i) ® (OTL) -> HUL 

is an isomorphism. 

By Lemma 15.31 (HU"L)o = Z7(i?L)o and by the definition of homology (i?L)o — 

^o/KVi]. 

Let iV = ^(iJL) and define 

U = N x LJVi. 

Note that Lq = iVo and L[ = N±. There is a Lie algebra map u : V —>■ N and an induced 
algebra map u : 

UU ^ UN -> #E/L. 
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Again the Poincare-Birkhoff-Witt Theorem shows that the multiplication map 

</> : TiVi ® (HUL) = UL.Ni ® UN -> UL' 

is an isomorphism. Since u is an algebra map v = u o <fi. Thus u is an isomorphism. 
Therefore HUL = UL' as algebras, as in the proof of Theorem \M 

Unlike the proof of Theorem \A\ we will show that u : V — > N is an isomorphism. Let 
i : N <^-> HUL be the inclusion. Since the composition L' — > iV — > HUL = UL' is the 
inclusion L' ^ UL', u is injective. So as -R-modules N = L' (B N/L'. Since L' and iV are 
i?-free, so is N/L'. 

Uu 

Recall that the composition lo u induces the isomorphism u : UL — > UN — > HUL. 
Tensor these maps with Q to get the commutative diagram 

UL' ® Q C/iV ® Q . (5.7) 




It is a classical result that the natural map 

<4> JQ :UH(L®Q) ^HU(L®Q) (5.8) 

is an isomorphism (see [FHTOlj Theorem 21.7(i)] for example). Notice that 

N ® Q = {±HV) ®Q = ± Q H{L®Q) = H(L <S> Q) 

and HUL ® Q = HU(L (g> Q). Under these isomorphisms the vertical map in ( 15.71 ) 
corresponds to the isomorphism in ( 15.81 ). 

Therefore £7w ® Q is an isomorphism and hence u <8> Q is surjective. As a result 
coker-u = iV/L' is a torsion i?-module. But we have already shown that N/L' is i?-free. 
Thus N/L' = and iV = L'. Hence HUL = UN. 

If A is semi- inert then the proof of (b) is the same as for Theorem A](b). □ 

As claimed in the introduction, we prove that the following corollary follows from 
Theorems A] and El 
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Corollary 5.11 (Corollary 1.3Q . Let A be a semi-inert dga extension satisfying the 
hypotheses of either Theorems\M or\M Then 

K\z) = V x {z) + z[UL,{z)- 1 - U{HV) {z)- 1 }. 

Proof. By Theorem A] or Theorem \B\ 

HA U((HL) II LK') = U(HV) II TK'. 

Since (A II B)(z)~ 1 = A(z)- 1 + B(z)~ 1 - 1 (Lem74[ Lemma 5.1.10] it follows that 



HA(z)- 1 = U(HV) Q (z)- 1 - K'(z) 

Therefore, using Anick's formula 15.21 we have that 

K\z) = UiHL)o(z)- 1 -HA(z)- 1 

= UiHVjoiz)- 1 - (1 + z^HUV)^)- 1 + zULo(z)- 1 + V 1 (z) 
= V 1 (z) + z[U(HL) (z)- 1 -UL (z)- 1 ] 



□ 



Chapter 6 



Application to Cell Attachments 



In this chapter we prove two of our main topological results: Theorems O and \D\ 

f 

Let / : W — > X be a map of finite-type simply-connected CW-complexes where 
W = \l jeJ S m i and / = \/ jeJ aj. Let &j : S m ^ 1 -> QX denote the adjoint of ay. Let Y 
be the adjunction space 




Let R = Q or F p where p > 3 or R is a sub ring of Q containing |. Recall that P is 
the set of primes invertible in R, P = {p e Z | p is prime and p ^ P} U {0} and F = Q. 

Recall from Section [3721 that we can choose Adams-Hilton models A(X) and A(Y) 
for X and Y such that 

A(y) = A(i)n%) 3£J . (6.i) 

These come with algebra isomorphisms H*(QX; R) ^ HA(X) and H*(ttY; R) ^ #A(Y). 

Filter A(Y) by taking F_iA(Y) = 0, F A(Y) = A(X) and for i > 0, F t A(Y) = 
J2l=o F kM Y ) ■ R{Vj}je.J ■ Fi_ k A(Y). This filtration makes A(Y) a filtered dga. 

Recall from Section 12.51 that this filtration induces a first quadrant multiplicative 
spectral sequence converging from gr(A(Y)) to gr(fZA(Y)). 

Recall that L x = im(h x : 7T*(OX) <g> R -> H^VtX; R)). Assume that H*(ttX; R) ^ 
£7Lx as algebras and that it is i?-free. Then = {UL X II UL,(yj)j eJ ,d') where 
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d! is determined by the induced map d! : R{yj} — > ZA(X) ^ H*(QX; R) ^> UL X . 
Recall from Section [372] that d'yj = hx{&j) £ Lx- Therefore A(Y) is a dga extension 
(see Section \2M of (A(X),L X ). 

Furthermore, Lx is the Lie subalgebra of Lx generated by R{d'yj}j e j. Therefore 
[Lf ] = [R{d' yj }]. Let L = (L x II h(y j ),d'). Then (£\ d 1 ) S UL. 

We can prove Theorem \C\ by applying Theorem |A1 to A(Y) and L. For convenience 
we restate Theorem O here. 

Theorem 6.1 (Theorem P). Let R = ¥ where ¥ = Q or ¥ p with p > 3. Lei X 
6e a finite-type simply- connected CW-complex such that H*(QX; R) is torsion-free and 
as algebras H*(QX; R) = ULx where Lx is the Lie algebra of Hurewicz images. Let 
W = \J j e j S n i be a finite-type wedge of spheres and let f : W — > X . Let Y = X U/ 
^VjeJ enj+1 J- Assume that [Ljf] C L x is a free Lie algebra. That is, f is free. 

(a) Then as algebras 

gr(iJ„(fty;F)) = ?7(L£ x L(#L)i) 

with Ly = Lx/[Lx] as Lie algebras. 

(b ) Furthermore if f is semi-inert then as algebras 

H*(ttY;¥) = U(L§WLK') 

for some K' C F 1 H if (nY; ¥). 

Proof, (a) Let A(Y) be the Adams-Hilton model given above. Therefore H*(QY;¥) = 
A(Y) as algebras. A(Y) is a dga extension of (A(X), Lx)- Since [L^] C Lx is a free 
Lie algebra, A(Y") is a free dga extension of (A(X), Lx)- Thus by Theorem |A1 we have 
the algebra isomorphism 

gr(HA(Y)) = U((HL) x L(#L)i) 
with (HV) = L X /[L^}. Therefore 

F HA(Y) = (gr{HA{Y))) = U(HL) * U(L X /[!%]). (6.2) 
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It remains to show that (LTL)o — Ly ■ 

The inclusion % : A(X) ■=> F A(Y) induces a map H(i) : HA(X) -> F iJA(F). Now 
under the isomorphism ( 16.21 ) and LLx ~ * HA(X) the map LT(i) corresponds to a map 

LL X -> U(L X /[L% ]) where C/(L x /[^x]) c ^y- lt is eas Y to check that this is the 
canonical map. In other words Ly = L X /[L^}. Therefore (LTL)o — Ly. 
(b) Assume that / is semi-inert. That is, there exists an F-module K such that Ly x 
L(#L)i = Ly II LIT. Then by Theorem A](b), H*(QY;W) = U(L§ II LK') for some 
K' c FiffC/L = FiH^nY; F). □ 

We recall the statement of Theorem [Dl 

Theorem 6.2 (Theorem [Dty . Let R C Q be a subring containing |. Let X be a finite- 
type simply- connected CW-complex such that H*(QX; R) is torsion-free and as algebras 
H*(QX; R) = UL X where L x is the Lie algebra of Hurewicz images. Let W = V/jgj S nj 
be a finite-type wedge of spheres and let f : W — > X . Let Y = XUj fVjgj e nj+1 j . Assume 
that L x /[Lx] is R-free and that for each p G P, [L^] C L x is a free Lie algebra. That 
is, f is free. 

(a) Then H*(QY; R) and gr(H # (QY; R)) are torsion-free and as algebras 

gr (H*(flY;R)) S U(Ly~ x L(#L)i) 

mt/i Ly = L X /[L^} as Lie algebras. 

(b ) If in addition f is semi- inert then as algebras 

H*(ttY; R) = U(L^UhK') 

for some K' C F X H^QY\ R). 

Proof. The proof Theorem [D] is exactly the same as the proof of Theorem O, except that 
it uses Theorem M\ instead of Theorem \M □ 

In the introduction we claimed that the following corollary follows from Theorems O 
and El 
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Corollary 6.3 (Corollary 1.8Q . Let f be a semi-inert attaching map satisfying the 
hypotheses of either Theorems [H or 22. Then 

K'{z) = H*(W)(z) + zpLxiz)- 1 - U{LX){z)- x \. (6.3) 

Proof. By Theorem O or Theorem ID] , 

H*(nY; r) = u(l§ n lk') = ul§ n tk'. 

Since (A II = A(z)- 1 + B^)" 1 - 1 (Lem74[ Lemma 5.1.10] it follows that 



H*(nY; R)(z)- 1 = UL$(z)- 1 - K\z) 

Let V\ = R{yj}j € j, where yj is given in ( j6.ll ). Then V\(z) = H^(W)(z). Recall that 
(-HTj)o — Ly. Therefore, using Anick's formula ( j5.2j ) (with L = Lx) we have that 

K\z) = UL*(z)- 1 -H*(SIY-R)(z)- 1 

= UL^(z)- 1 - (1 + z^iHLUz)- 1 + zULx(z)- 1 + ^(z) 

= ^(iy)(z) + z[^(^)- 1 -f/L x (^)- 1 ] 

□ 



Chapter 7 

Constructing Spherical Hurewicz 
Maps 

In this chapter we prove our other two main topological results: Theorems El and El 
Let R = F p with p>3ori?cQbea subring containing |. 

Consider the map W A X where W = \/ jeJ S m i is a finite-type wedge of spheres, 
/ = \/j € jOij, if*(f2X; R) is torsion-free and as algebras H*(QX; R) = ULx- Let Y be 
the adjunction space 




Assume that / is free. That is, [L^] is a free Lie algebra. Recall that hx '■ 7r*(OX)®i2 — > 
Lx C H*(QX; R) is a Lie algebra map. Assume that there exists a Lie algebra map 
ax '■ Lx — > 7r*(fiX) (g) i? such that hx ° crx = id>L x - 

If i? C Q recall from Section 53 that there is a set of implicit primes Py containing the 
invertible primes in R. By replacing R with R' = 7L\Py~ x \ if necessary, we may assume 
that there are no non- invertible implicit primes. This implies that Vj G J, axhx&j = dtj. 

If R — W p assume that Vj G J, (Txhx&j = 

By Theorems O and El H*(ttY;R) is torsion-free and gr(F*(W; i?)) = x 
L(.H"L)i) as algebras. From this we want to show that H^flY; R) = UL Y as algebras. 
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This situation closely resembles that of torsion-free spherical two-cones, and we will 



generalize Anick's proof for that situation [Ani89 . 

Recall that L = L x II MVj)feJ, ± ■ HL -> HUL, {±HVj X S (#L)i, and #E7L = 
gr(HA(Y)). Let A" = (-fTL)i and {wi} be a .R-module basis for A'. Then u>i G (#L)i = 
(H(Lx WL(yj)j G j, d'))i. So each Wj is represented by a sum of brackets each with one yj 
and other elements in Lx- Using Jacobi identities we can write 



W: 



[E s k=1 c k v k } where c k G R and v k = [[y jk , [x kl ], [x knk ]] (7.1) 



where x k[ G A(A), [x kl ] G Lx and the bracket is defined inductively by [[a, ...b, c] = 
[[[a,...b),c). 

Define 7* G F X A(Y) by 

7< = Y, s k=l c k u k where w fc = [[y jfc ,x fcl , . . • ,x fcn J. (7.2) 

We will use 7, and Adams-Hilton models to construct a map g { : 5' m+1 — > K, whose 
Hurewicz image 'modulo lower filtration' is Wi. 

The following geometric construction is a slight generalization of [Ani89[ Proposition 
5.4] whose proof is essentially the same. It is the central construction of this chapter and 
will give us the desired map S m+1 — > Y. 

Proposition 7.1. Let W — > X — > Y be as above. Let 7 = H s k=1 c k u k as in ( 17.21 ) with 
[x ki ] G Lx- Then there exists a map 

9 : Sr +1 - Y 

which has an AH model A(g) satisfying A(g)(b k ) = c k u k for 1 < k < s, and A(g)(b ) G 
A(A). 

Proof. By Lemma [3.101 there exist maps g k : (D™ +1 ,S™) — > (Y, X) for 1 < < s with 
models A(g k )(ii) = c k u k . In addition 



= e k c k [[a jk , [3 kl , . . . f3 kn ] 
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where e k = ±1 and # : -> X is the adjoint of «r([a: < ]) : S ni -> ftX for 1 < jfe < s, 

and ^(i) e CU*(QX) for 1 < jfe < s. Let 

.</ //, V...V//, : ( \Jd™+\ \J sA -(y,x) 

\fc=l k=l J 

for which one can choose A(g')(bk) = c k u k for 1 < k < s. 

Restricting g' we get a map go : (V/Ui ^cT) — * ^> an d (A(<7')> Vy) extends a valid AH 
model (A^o),^) for fl'o- 

We will show that go can a ls° be extended to a map 

where i\. is the inclusion of the /cth sphere into the wedge. It will follow at once that 
there is an AH model for g" which extends (A(g ),i/; go ) and has A(g")(b ) e A(X), b 
denoting the m-dimensional generator of A(\f s k=l S™ Uss_ itfe e m+1 ). 

To prove the existence of g", it suffices to show that g #(T, s k=1 i k ) vanishes in 7r m (X). 

9o#(^l=i L k) = ^ s k=1 e k c k [[a jk , p kl , . . ■ Pk nk ] 

Recall from ( 1 7. II ) that Wi = c^Ufe] . Since T> s k=1 c k v k is a cycle in L, 

= dE s k=1 c k v k 

= Z s k=1 c k [[d'y jk ,[x kl ],...[x knk ]\ 
= K=iCk [[h x (a jk ), [x kl ], . . . [x kn 



Since axhx&j = oij applying the map ax gives 

= Z s k=1 c k [[a jk ,ax([x kl }),...,a x ([x kn 

and adjointing gives that go#{^ k= i L k) = 0. 

Now g' and g" are compatible extensions of go, so together they define a map g : 
gm+i _^ y Furthermore the corresponding AH models are compatible so they give a 
valid AH model for g with the desired properties. □ 
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We review and continue our construction. Starting with Wi G (#L)i we choose 7, as 
above and use Proposition 17.11 to construct : S™ +1 — > K. We then have the following 
map 

& : S m+1 ^ S™ +1 ^ Y (7.3) 

where ^ : S*™ +1 — > 5*™ +1 is the homeomorphism from ( 13.41 ). Taking A(0j) = A(^)oA($) 
we have A(^)(i) = S^ =1 c fe u fc - A(^)6 - Letting A; = A(^)(6 ) we have A (<&)(«) = 7— Aj 
and hence hv{4>i) = [ji — Aj] G Ly. 

Furthermore 7$ G i*iA(Y) and Aj G A(X) = FoA(y). Since Ly inherits a filtration 
from HA(Y) which is in turn induced by the filtration on A(Y), [7, — Aj] G F\Ly. Recall 
the quotient map (ES) / : Fi(HA(Y)) -> gr(iJA(y))i ^ (HUV)^ By construction 

/([7» - = Wi- 

Recall that K' = R{wi}. Therefore we have an injection K' (gr(Ly))i. Further- 
more by construction this is a map of Ly-modules. Thus we have proved the following. 

Proposition 7.2. Let W — > X —>■ Y and K' be as above. Then there exists an injection 
of Ly-modules 

v>i : K' <—* (gr^y))!. 

We are now ready to prove Theorems El and E. For convenience we restate the 
theorems. 

Theorem 7.3 (Theorem W). Let R = ¥ where ¥ = Q or ¥ p with p > 3. Let 
Vje J — ^ X be a cell attachment satisfying the hypotheses of Theorem [Q. Let 
Y = X Uy a . (V e nj+1 ) and /e£ ay denote the adjoint of aj. In addition assume that there 
exists a map ax right inverse to hx and that Vj G J , o~xhxctj = ay. Then the canonical 
algebra map 

UL Y -> H*(QY;¥) 

is a surjection. That is, H*(QY;¥) is generated as an algebra by Hurewicz images. 
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Proof. Let R = ¥ p where p > 3. Let g : gr(£f*(f2Y; R)) ^ UL' be the algebra iso- 
morphism given by Theorem 0(i) where L' = Ly x LK' with fT' = (#L)i. Note that 
Lg = Ly and that L[ = K' . We will show that the canonical map ULy — > H*(QY; R) is 
surjective. 

We have an injection of Lie algebras 

u : L* - F L y ^> (gr(Ly)) . (7.4) 

Since Vj h x o-xCtj = by Proposition 17. 2 and get an injection of Ly-modules Ui : 
K' <^-> (gr(Ly))i. So for x G Ly and ?/ G if', a;]) = Uq{x)]. Thus by 

Lemma [2731 un and «i can be extended to a Lie algebra map u : V — > gr(Ly). 

The inclusion Ly <— ► H*(QY;R) induces a map between the corresponding graded 
objects, X ■ gr(^y) -> gr(#*(^; #)). 

We claim that for j = and 1, g ° X ° u j is the ordinary inclusion of Lj in UL'. 
By ( 17.41 ) -u is an injection. In addition, restricted to degree 0, g is the identity and x is 
just the ordinary inclusion. For j = 1, gxu\Wi = ggr([7j — AJ) = f{[wi}) = Wi. It follows 
that g o x ° u is the standard inclusion V •—>■ UL' . Since g o y o « is an injection, so is u. 

By Lemma [2.61 the canonical map U gr(Ly) gi(ULy) is an algebra isomorphism. 
Now u and x induce the maps U u and x m the following diagram. 

UL' — ^ t/ gr(Ly ) — ^ gr([/L y ) 
gr(H*(nY;R)) 

Since we showed that gx M is the ordinary inclusion L' UL' the diagram commutes. 
Since g~ l is surjective, the induced map % is surjective. Since x is the associated graded 
map to the canonical map ULy — > H^IQY; R) and the nitrations are bicomplete, the 
associated ungraded map is also surjective. So the canonical map ULy — > H*(QY; R) is 
surjective which finishes the proof. □ 

The proof of Theorem El is still valid in the case where i?cQ containing ^. However 
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in this case we can tensor with Q and make use of results from rational homotopy theory. 
As a result Theorem E is a stronger version of Theorem El 

Theorem 7.4 (Theorem E). Let R C Q be a subring containing |. Let \j - eJ S ni - J > 
X be a cell attachment satisfying the hypotheses of TheoremWi Let Y = XU\j aj (Ve nj+1 ). 
Furthermore assume that there exists a map ax right inverse to hx- Let Py be the set of 
implicit primes and let R' = Z[P Y ~ 1 }. Then 

(i) H*(JYY; R') is torsion-free and as algebras 

H*(QY; R') UL Y 

where gr(Ly) = Ly x L(f/"L)i as Lie algebras, and 

(ii) localized away from Py, QY £ 

(Hi) If in addition f is semi-inert then localized away from Py, Ly = L Y II hK as Lie 
algebras for some K C F\L Y , and there exists a map o~y right inverse to h Y - 

Remark 7.5. Using Remark |1.9| we could have tried proving Theorem [Fj(i) using The- 
orem \E\ and the Hilton-Serre-Baues Theorem (Theorem 14.12} ), however this is not the 
approach we use here. 

Proof of TheoremlM Let i?cQ containing |. 

(i) Since there are no non-invertible implicit primes we have that axhx&j = ctj. As a 
result we can copy the proof of Theorem El verbatim, except we use Theorem [Difi) instead 
of Theorem 0(i). 

Recall that gY(H*(QY; R)) = UL' and that we constructed a Lie algebra map u : 
V — > gr(Ly) and showed that it is an injection. We claim that for R C Q, u is an 
isomorphism. H*(QY; R) and gr(H*(QY; R)) have the same Hilbert series. Also since 
H*(QY; R) is torsion-free, it has the same Hilbert series as H*(QY;Q). Let S be the 
image of h Y £g> Q. Then S, Ly and gr(Ly) have the same Hilbert series. By the Milnor- 
Moore Theorem (Theorem TO. H*(nY;Q) = US. So by the Poincare-Birkhoff-Witt 
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Theorem, S has the same Hilbert series as L', and hence gr(Ly) = V as -R-modules. 
Since u : V — > gr(Ly) is an injection it follows that it is an isomorphism. 

By Lemma [2.61 the canonical map U gr(Ly) gr([/Xy) is an algebra isomorphism. 
Now u and \ induce the maps Uu and \ m the following diagram. 

UL' — ^ U gr(Ly) — ^ gx{UL Y ) 

X 

gr(H*({lY;R)) 

Since we showed that gxu is the ordinary inclusion V ■=— > UL' the diagram commutes. 
Since u is an isomorphism, so is Uu. Hence the induced map x is an isomorphism. 
Since x is the associated graded map to the canonical map ULy — > H*(QY; R) and 
the nitrations are bicomplete, the associated ungraded map is also an isomorphism. So 
H*(fiY; R) = UL Y as algebras. 

The map u gives the desired Lie algebra isomorphism gr(Ly) = L' = Ly x L(HL)i, 
which finishes the proof of (i). 

(ii) is equivalent to (i) by the Hilton-Serre-Baues Theorem (Theorem I4.12) . It remains 
to prove (iii). 

(iii) Before we construct the desired map cry we strengthen the result in (i) in the semi- 
inert case. 

Assume that / is semi-inert. Recall the situation from Theorem [Dlfii). We have that 
gr(H*(QY; R)) = UL' where V = L^UhK' where K' = R{wi} C (gr(H*(QY; R)))x. For 
each Wi let [wi] be an inverse image under the quotient map H*(QY; R) — > gr(H*(QY; R)). 
Let K" = {[wi]}. By Theorem Etn) as algebras H*(ttY; R) UL" where L" = L$UhK" 
(see Theorem 15.10( b)). Since K" ^ K' , there is an induced Lie algebra isomorphism 
L" ^ L'. So gr(#*(fiY; R)) = H*(QY; R) as algebras. 

Let 

L = Ly II LK where K = R{[^ - A;]} C F X L Y . 
Recall that [wi\ — [ji — A*] G F (H*(QY; R)) and that f([ji — = Wi where / is the 
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quotient map from ( 15.61 ). So / : K ^ K', which induces a Lie algebra isomorphism 
L ^ L' . This in turn induces the algebra isomorphism UL ^ UL' = H*(ttY; R). 

Since UL = H*(flY; R) there is an injection Ly ^ UL. Also, since K C Ly there 
is a canonical Lie algebra map u : L — > Ly. These fit into the following commutative 
diagram. 




UL 



Ly 

It follows that u is an injection. 

We claim that u is an isomorphism. Since H*(QY; R) is torsion- free, it has the same 
Hilbert series as H*(QY; Q). Let S be the image of hy ® Q. Then S and Ly have the 
same Hilbert series. By the Milnor-Moore Theorem (Theorem 13.51 ), H^QY^Q) = US. 
So by the Poincare-Birkhoff-Witt Theorem (Theorem 12.4} ), S has the same Hilbert series 
as L, and hence Ly = L as i?-modules. Since u : L —>■ Ly is an injection it follows that 
it is an isomorphism. 

Therefore Ly = Ly H L,K as Lie algebras, with K C i^Ly and H.,(ttY; R) = UL Y 
as algebras. 



Remark 7.6. If we generalize a conjecture of Anick | |Ani89[ Conjecture 4.9] from spher- 



ical two-cones to our adjunction space Y then the Lie algebra isomorphism Ly = V 
proves the conjecture in the semi-inert case. 

We are now in a position to construct a map oy right inverse to hy. Let i denote the 
inclusion X — *■ Y. Consider the composite map 

F : [Ljf] ^ L x ^ tt*(£IX) (8) R tt^Y) ® i?. 

We claim that F = 0. Since F is a Lie algebra map it is sufficient to show that F(L^) = 0. 

F{Lj) = (tlt) # a x {R{h x {a 3 )}). 
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Since there are no implicit primes axhx&j = &j- By the construction of Y, f2i o 6tj ~ 0. 
So F = as claimed. 

Therefore there is an induced map G : Ly = L X /[L^} -> ir*(QY) <g> R. That h Y o G 
is the inclusion map can be seen from the following commutative diagram. 




n*(QX) <g> R 



7r*(fiy) <g> R 



Now construct ay : L Y — > tt*(HY)®R as follows. We have shown that L Y = LyWLK 
for some K C F X L Y . Since FiLy = K = i?{[ 7i - A;]} it follows that K = #{[7, + A ; ]}i eL 
for some L. Recall that 3 <pi e 7r*(Qy) <8> i? such that h Y (4>i) = [7/ + A/]. Let oy|l£ = C 
and let ay ([7; + A/]) = 0/. Now extend ay canonically to a Lie algebra map on L Y . 

We finally claim that h Y a Y = id,L Y - Since h Y a Y is a Lie algebra map it suffices to 
check that it is the identity for the generators. 

h Y a Y Ly = h Y GLy = Ly, h Y a Y Yii + A;] = h Y (f>i = [7/ + \ t ] 



Therefore a Y is the desired Lie algebra map right inverse to h Y . 



□ 
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Chapter 8 

Free Subalgebras 



In this chapter we prove Theorem \G\ and give a second proof of a special case of this 
theorem. 

8.1 A generalized Schreier property 

In chapter \5\ we calculated the homology of UL = U (Lq II LVi, d), a two-level universal 
enveloping algebra over a field F in which the Lie ideal [dV\] C Lq was a free Lie algebra. 
The result was a universal enveloping algebra on a Lie algebra 

L = L x LLi. 

We remark that an equivalent description of L is the fact that it has homogeneous 
generators and relations in degrees and 1. 

In this chapter we give a simple criterion which we prove guarantees that a Lie 
subalgebra of L is free. 

If R C Q is a subring containing |, Theorem \F\ shows that under certain conditions, 
H*(QY; R') is torsion-free, as algebras H*(QY; R') = ULy and as Lie algebras gr(Ly) = 
Ly x ~hV for some free -R'-module V. Let p be a noninvertible prime in R' and recall the 
notation M = M <g> ¥ p for any .R'-module M. It follows that gr(Z y ) = L§ K Ly. 
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We will give a simple criterion guaranteeing that a Lie subalgebra J C Ly is a free 
Lie algebra. 

It is a well-known fact that any (graded) Lie subalgebra of a (graded) Lie algebra is 
a free Lie algebra [Mik85 [ Sir53 l IMZ95J (this is referred to as the Schreier property) . In 
this chapter we generalize this result to the following. 

Theorem 8.1 (Theorem IG). Over a field ¥, let L be a finite-type graded Lie algebra 
with filtration {FkL} such that gr(L) = Lq x hV\ as Lie algebras, where L$ = FqL and 
V\ = FiL/F L. Let J C L be a Lie subalgebra such that J fl F L = 0. Then J is a free 
Lie algebra. 

Before proving this theorem, we prove the following lemma. 

Lemma 8.2. Let J be a finite-type filtered Lie algebra such that gr(J) is a free Lie 
algebra. Then J is a free Lie algebra. 

Proof. By assumption there is an F- module W such that gr(J) = hW. 

Let {wi}i(zi C gr(J) be an F-module basis for W. Let rrii = deg(w)j). That is, Wi G 
F mi J/F mi _iL. For each Wi choose a representative Wi G F mi J. Let W = ¥{wi}i e i C J. 

Then there is a canonical map : hW — > J. Grade hW by letting Wi G W be in degree 
m ; . Then is a map of filtered objects and there is an induced map 9 : hW — > gr(J). 
However the composite map 

hW ±> gr( J) ^ hW 

is just the canonical isomorphism ~LW ^> ~LW. So 6 is an isomorphism. 

Therefore is an isomorphism and J is a free Lie algebra. □ 

Proof of Theorem [G\. The filtration on L filters J by letting 



F k J=JDF k L. 
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From this definition it follows that the inclusion J ■=— > L induces an inclusion gr( J) 
gr(L). So gr(J) <^-> gr(L) = L x LVi. Since J n F L = it follows that (gr J) = and 
gr(J) (gr J)>x = LVi- By the Schreier property gr(J) is a free Lie algebra. 



The following corollary is a special case of this theorem. 

Corollary 8.3. Over a field F, if J G L xL(Li) a Lze subalgebra such that JC\L = 
i/ien J is a free Lie algebra. 

Note that since J is not necessarily homogeneous with respect to degree J fl Lo = 
does not imply that J G LLi. 



In this section we give an independent proof Corollary 18.31 which does not use the Schreier 
property. As such, it proves the Schreier property as a special case. 

Theorem 8.4. Let L = L x LLi be a finite-type bigraded Lie algebra over a field F 
with generators and relations in degrees and 1. Let J be a graded subalgebra of L not 
necessarily graded with respect to degree, such that J D L = 0. Then J is a free Lie 
algebra. 

Let J be a Lie subalgebra of L generated by elements which are homogeneous with 
respect to dimension, but not necessarily with respect to degree. So J is graded by 
dimension and filtered by degree. Let J m be the subspace of J in degrees < m and J m)U 
the component of J m in dimension n. Let J m ,<n = Jm,k- 

Let {xi} be a set of generators homogeneous with respect to dimension for a filtered 
Lie algebra J. Let J J denote the Lie subalgebra of J generated by {xi}^. The set {xj} 
is called reduced if for each generator X{ G J m ,n\Jm-i,n, 




□ 



8.2 A second proof 



*,n 



Xi-y 6 J, 



(8.1) 
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Remark 8.5. Note that reduced ==>- minimal. That is, for each Xi, $y G J 1 such that 



Xi — y = 0. We also remark that the standard definition of a reduced set [MZ95J (in the 
context where L is a free Lie algebra) is the condition that none of the x'j lie in the Lie 
subalgebra of L generated by {x'j}^. We will see in the proof of Lemma 18.71 that this 
condition follows from our condition ( 18.11 ). 

Lemma 8.6. A connected, graded, filtered, finite-type Lie algebra J has a reduced set of 
generators. 

Proof. We deduce by induction on dimension. Assume we have a reduced set of generators 
homogeneous with respect to dimension for the Lie subalgebra generated by J* i<n . Since 
J has finite-type, J* jn is a finite vector space. Therefore = Jm,u f° r some M. 

We now deduce by induction on degree. Assume we have a reduced set of generators 
homogeneous with respect to dimension for the Lie subalgebra generated by J* i<ra © 
Jm-i,n- Choose a basis {yj} for the finite vector space J m>n J m _i, n . 

We finally deduce by induction on j. Assume we have a reduced set of generators 
{x^ homogeneous with respect to dimension, for the Lie subalgebra generated by V := 
J*,<n © J m -i,n ©j<fc^{%'}' which we denote (xi). More generally we will let (S) denote 
the Lie subalgebra of J generated by the set S. 

Consider y k . If 3y G such that y k - y G J m -i,n then since J m _i,„ C (x^, 

3x G (x^ such that y k — y = x. Therefore y k = x + y G (x^, and ¥{y k } C (xi). Thus 
{x^ is a reduced set of generators for the Lie subalgebra generated by V © ¥{y k }. 

If $ such a y we claim that {xi}i € i U {y k } is a reduced set of generators for the Lie 
subalgebra generated by V © ¥{y k }. Clearly it is a set of generators; it remains to show 
that it is reduced. We need to check that each generator satisfies condition ( 18.11 ). 

By assumption, y k satisfies the condition. By the induction hypothesis and since 
Vk £ J*,ni & h x i J*,<n satisfy the condition. It remains to prove that each x« G J m , n 
satisfies condition ( j8.1| . 

Assume 3j, and 3y G {{xi}^ U {y k })*,n such that Xj G Ji, n \Ji-i,n (where I < m) 
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and Xj — y G Ji-i, n - F° r degree reasons, y G J^ n C J m) „ and since y^ G J mi „ and J is 
connected, 2/ = x + ayk, where x G ({xj}^,,-)*^ and a G F. Therefore Xj —x — ayk G J;-i, n - 
By assumption a ^ 0. Thus yk — a^ 1 (xj — x) G J;_i >n C J m _i jn . But a~ l (xj — x) G (xj)* in , 
which contradicts the assumption that satisfies condition ( 18.11 ). Hence l/©F{?/ fc } has 
a reduced set of generators. 

So by induction, the Lie subalgebra generated by J* )<n © J m ,n has a reduced set of 
generators. Then by induction the Lie subalgebra generated by J* ; <„ has a reduced set 
of generators. Finally by induction J has a reduced set of generators. □ 

Let J be a Lie subalgebra of the semi-direct product L = L x L(Li) such that 

J R L = 0. L is bigraded. Let Z^- denote the component of L in degree j. By the 

previous lemma, J has a reduced set of generators {x{\ homogeneous with respect to 

U) 



dimension, where Xj = E"i x^ , with x 4 G L.,-, x- 7^ and > 1. Let x\ 
Note that the xf* are homogeneous with respect to degree. 

Lemma 8.7. There does not exist a nonzero f(yi, . . .y„) G L(yi, • • • 2/n) \y%\ — 
such that f(x[, . . . x' n ) = 0. 

Proof. Assume such an / exists. Let (a%, . . . , aj, . . . a n ) denote the list (a 1; . . . , a n ) with 
dj omitted. Since rii > 1, x\ G L>i = L(Li). Since free graded Lie algebras sat- 
isfy the Nielsen property (MZ951 Theorem 14.1] and each x- is homogeneous with re- 



spect to degree, 3 ^ g(yx, . .y n ) G h(y 1 , . . . y j7 . . . y n ) with \y t \ = \xi\ such 

that ) for some j. Without loss of generality, we can assume 

that g(x[, . . . x'j, . . . x' n ) is a sum of nonzero monomials in dimension \xj\ and degree 
n j(= deg(a^)). 
By linearity, 

g(xi, ...Xj,... x n ) = a + g(x[, . . . x'j, ...x' n ), a G J Uj -i 

, I I spTlj-l (fc) 

Ol \ X j , Xj Xj -^^_q Xj 

= P + Xj, f} G J n 



Chapter 8. Free Subalgebras 



SS 



Therefore ) G J n But this contradicts the assumption that {xj} 

is reduced. □ 



Proof of Theorem \8.4\ Let J C L x LL X be a Lie subalgebra such that J fl L = 0. By 
Lemma 18.61 J has a reduced set of generators {xi}. 

Assume 3 ^ f(y 1 ,...y n ) G h(y u ...y n ) with |^| = l^] such that f(x 1 ,...x n ) = 
0. Without loss of generality assume that f(xi, . . . x n ) is a sum of nonzero monomials 
{fj(xi, . . . x n )}j € j in a fixed dimension. 

Since fj G L(?/i, . . . y n ), by the previous lemma fj(x[, . . . x' n ) ^ 0. Each of these is in 
a fixed degree M r 

By linearity and for degree reasons, fj(xi, ■ ■ -x n ) = aj + fj(x[, . . .x' n ), with otj G 
JMj-i- Let {fk}keK be the subset of the monomials {fj}j<=j such that fk(x[, . . . x' n ) is in 
the highest degree, say M. Then 

= f(x u ...x n ) = S j6j (a i + /^(ari, . . . x' n )) 

= a + Y-k€Kfk{x'n ■■■x' n ), ol G Jju-i- 
Therefore Y^^k fk( x i, ■ ■ - x ' n ) = 0- But this contradicts the previous lemma. □ 



Chapter 9 

An Algebraic Ganea Construction 



In this section we apply our results to give an algebraic version of Ganea's Fiber-Cofiber 
construction (Gan65[ IRut71j (see Section 14.51 ). All of the isomorphisms in this chapter 
are algebra or Lie algebra isomorphisms. 



9.1 The rational case 

In the case when R — Q there is an exact correspondence between Lie algebras and 
rational spaces (see (FHT01J for a reference). Using this correspondence, Ganea's con- 



struction gives a result about Lie algebras which we explain below. We will see that this 
result is a special case of our results. 

Let (Lq, 0) be a dgL with a Lie ideal J C Lq such that J is a free Lie algebra. Then 



as explained in (FHT01J the short exact sequence of Lie algebras 

-> J -> L -> L /J -> 



models a fibration 



F -> B. 



In Ganea's construction, we take the cofiber X' — X U/ CF, where CF is the cone on 
F, and the fiber F' of the fibration X' — > B. 
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Choose a set of generators S for the Lie ideal J. Let V be the free -R-module with 
basis S. Let V\ be an i?-module such that there is a bijection d : V\ — > Vq where d reduces 
dimension by 1. Let L = (L II LVi, d) be the dgL where dL = and dV\ is give above. 
Then L models X' (FHT01J . Let J' = ker(L -» L /J). Then J' models F' [FHT01 . 

The long exact homology sequence splits into short exact sequences which can be 
collected to give the short exact sequence of Lie algebras 

-> HJ' -f HL -> L /J -> 0. 

By Ganea's Theorem }Gan65J F' F * VLB » S(FA fi-B) which rationally is a wedge of 



spheres. So since J' models F', HJ' should be a free Lie algebra. 

Using our results and without using Ganea's Theorem, we will see what this free Lie 
algebra is. In our terminology UL is a dga extension of ((ULq, 0), Lq). By Lemma [1.11 
and Theorem El as algebras HU L = UipHL = U HL (since the map ip : UHL — > HU L is 
an isomorphism when R = Q [FHTOl l Theorem 21.7(i)]), where HL = Lq/ J x h(HL)i. 
By Lemma 12.21 HL fits into the split short exact sequence of Lie algebras 

-> L(i7L)i -»• HL^ L /J -> 0. 

So we see that if J' = L(ifL) 1 . 



Remark 9.1. In (FT88J Felix and Thomas also do this calculation using Ganea's Theo- 
rem. They show that HJ' = hK where K is the kernel of the canonical homomorphism 
U{L/J) ®V ^ J I J 2 . 



9.2 The construction 

Let R = F p with p > 3 or R C Q containing |. For the cases when R ^ Q we do not 
have an exact correspondence between Lie models and spaces. However our results allow 
us to give an algebraic analogue to Ganea's construction. 
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Let (L , 0) be a dgL with a Lie ideal J C L such that J is a free Lie algebra. Choose 
a set of generators S for the Lie ideal J. Let V\ be an i?-module such that there is a 
bijection d : Vi ^ R{S} where d reduces dimension by 1. Let L = (L Q II LVi, d) be the 
dgL where dL = and dV\ is given above. Then [dV\] = J C L . In our terminology 
UL is a dga extension of ((UL ,0), L Q ) which is free. By Lemma 11.11 and Theorems A] 
and El as algebras 

HUL = U((HL) x L(iTX)i) 
where (HL) = Lq/J. By Lemma \2.2l HUL = UL' as algebras where 

-> h(HL)x — >• L' — > L /J -> 

is a split short exact sequence of Lie algebras. If i? C Q then V = ipHL where ip is the 
natural map if) : UHL — > HUL. 

As seen in Section [9TT1 this generalizes the algebraic analogue of Ganea's construction 
obtained using rational homotopy theory. 

9.3 Iterating the construction 

Let R = F p where p > 3 or R C Q containing |. As with Ganea's construction (see 
Section 14.51 ) this algebraic construction can be iterated. This can be used to obtain 
successively closer approximations to a given Lie algebra. 
Given the split short exact sequence of Lie algebras 

-> L(ifL (n) ) 1 -> L (n) ' -> L /J -> 0, 

choose a set of generators for the Lie ideal h(HL^)i. Let ^/( n+1 ) be an i?-module 
such that there is a bijection d : V^ n+1 ^ — > -R5*^ n ^ where d reduces dimension by 1. Let 
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where d {n+1 ^L^ = 0, and S n+1 ^ n+1 ^ C L (n) ' is given above. Then [d^+^V^^] = 
h(HL^) 1 C LW. By Lemma O and Theorems \E and El as algebras HUL^+V = 
UL(' n+1 Y where 

-> h(HL < - n+1 ^) 1 -> I> +1 )' -> L /J -► 

is a split short exact sequence of Lie algebras. By construction the lowest dimension in 
which L( n ) and Lo/J differ increases to oo as n — ► oo. 

9.4 A more general construction 

Ganea's construction can be generalized to taking more general cofibers than X Uf CF 
|Mat75[ IFT88J (see Section RL5T ). We can do the same in our algebraic construction. Let 
L = (L II LVi, d) where dL = and dV x C J C L . Then [dV x ] C J C L . Since [tZVi] 
is a subalgebra of the free Lie algebra J it is also a free Lie algebra. So UL is a free dga 
extension of ((ULq, 0), Lo). Therefore 

#[/L = U((HL) x L(iifL)x), where (ifL)„ = L/[dVi]. 
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Topological Examples and Open 
Questions 



In this chapter we use our results to analyze various topological examples. We conclude 
with some open questions. 

10.1 Topological examples 

All of the isomorphisms in this section are isomorphisms of algebras or Lie algebras. 
The following spherical three-cone Y, illustrates our results. 

Example 10.1. Let R = Z[J]. Let A = S 3 V S 3 and let Z = A U aiVa2 (e 8 V e 8 ) where 
the attaching maps are given by the iterated Whitehead products a\ = [[i a , L a ) and 
«2 = [[to, tfc], tfc] of the inclusions of the 3-spheres. 

It is known (see Example 13.81 ) that La — h(x, y) where \x\ = \y\ = 2. It is also known 



(see (HL951 Example 4.1] or Example HTTj) that 

H*(nZ; R) = U(L' H L(tZ))), where L' = L(x, y)/J, 



with J the Lie ideal of all brackets of length > 3 and \w\ = 9. By Lemma 14.131 Pz 
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{2,3}. Using [Ani89] or Theorem \F\ 

H*(nZ; R) = UL Z where L z = L^U h(w) 

with L% = L'q and w = hz(£j) where Cj is the adjoint of some map uj : S 10 — > Z. By 
Theorem \F\ there is a map oz right inverse to hz- 

For i = 1, 2 let Z< be two copies of Z. Let I = ^V4^ = S 28 V S 28 and let 
/ = PiV f3 2 where /?i = [[u x , u 2 ], cj x ] and /3 2 = [[u x , oj 2 ], u 2 ]. Let 

Y = XU f (e 29 Ve 29 ). 

Now, 

L x L Zl n L Z2 UlJ nL( Wl)W2 }. (10.1) 

Therefore by Theorem |G| / is a free attaching map. Thus Y satisfies the hypotheses of 
Theorem \D\ 

By Corollary 1.8[ if / is semi-inert then 

K\z) = H*(W)(z) + z[UL x (z)- 1 - U(L*)(z)- 1 ]. 

L x is given by ( 110.11 ) and Ly — Lx/[hx{P X ),hx(l3 2 )]. Since the Hurewicz images are 
[[w x , w 2 ], w x ] and [[w x , w 2 ], w x ] which are contained in h(w x ,w 2 ) we have 

Ly = L%UL% II I where L = L(w 1 ,w 2 )/[R{[[w 1 ,w 2 ],w 1 ], [K, w 2 ], w 2 ]}]. 

Since (A II B)(z)- X = A(z)- 1 + B(z)- 1 - 1 [Lem74[ Lemma 5.1.10] it follows that 



K'{z) = H*{W){z) + z[UL(w x ,w 2 ) - UL(z)- 1 }. 

Now UL(w x ,w 2 ) = T(w x ,w 2 ) and as .R-modules L = R{w x ,w 2 , [w x ,w x ], [w x ,w 2 ], [w 2 , w 2 ]} 
and UL = SL. Therefore 

(l_ z 18)3- 



K'(z) = 2z 28 + z 



1 - 2z y 

(i + z*y 
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Recall that L = (L x IIL(e, g),d') where d'e = [[wi, w 2 ], W\} and d'g = [[wi, w 2 ], w 2 ]- 
Also recall (from Theorem O) that (HL)o = Ly . Let u = [e, w 2 ] + [g,wi] (with \u\ = 37). 
Then it is easy to check that 

(HL) x L(#L)i = (HL) II h(u) 

and / is indeed semi-inert. Since X = Z\ V Z 2 we have the following commutative 
diagram. 

7T*(fiX)® fl-^-7r*(n^i)® R®-k*(SIZ 2 )® R 

h x hz 1 <$hz 2 

H*{QX) R) — i?) © #*(OZ 2 ; i2) 
Let ax be the map corresponding to oz x © o"z 2 under these isomorphisms. Since oz x and 
cr^ 2 are right inverses to hz 1 and hz 2 it follows that o~x = °Zi © o"z 2 is right inverse to 
hx- By Lemma 14.131 Py = {2,3}. As a result by Theorem El 

H*(QY; R) = UL Y where Ly — Ly II h(u) 

with u = hy(Jl) for some map \x : >S 38 — > K. Furthermore f2Y G an d there exists a 
map ay right inverse to h Y . 
Note that 

L y = l\ n n l 2 n 

where Lj = L\ = h(x,y)/Ji and L 2 = h(wi, w 2 )/J 2 with Ji and J 2 the Lie ideals of all 
brackets of length > 3. □ 

Example 10.2. An infinite family of finite CW-complexes constructed out of semi-inert 
attaching maps 

The construction in the previous example can be extended inductively. By induction, 
we will construct spaces X n and maps u n : S n — > X n for n > 1 such that X n is 
an ra-cone constructed out of a sequence of semi- inert attaching maps. Given ou n , let 
w n = hx n {[wn]) and given wf and w^, let Lj = h(wf,w^)/Ji where Ji is the Lie ideal 
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generated by [[«;", w%], tu"] and [[w?, w^],w^]. That is is the quotient of L(iuf , u^) where 
all brackets of length three are equal to zero. 

Let R = Z[|]. Begin with X x = S 3 and Ai = 3. Let uj x : S Xl -> X x be the identity 
map. 

Given X n , let X% and X h n be two copies of X n . For n > 1, let 

X n+l = X a n V X b n U /n+1 (e^ V e^ 1 ) , 

where n n+1 = 3A n - 1 and / n+ i = [[^,^],^] V [[u°, u h n ] , u£] . 

By the same argument as in the previous example, f n+ x is a semi-inert cell attachment 
and there exists a map 

where A n+ i = 4A„ — 2, such that 

#*(OX n+1 ; i?) S C/Lx„ +1 where L x „ +1 = ( \\ L^j II L(w n+1 ) 

l<i<n 
l<j<2 n -* 

with L\ a copy of L { and w n+1 = hx n+1 {[u n +i])- □ 

Example 10.3. Spherical 2-Cones 

A spherical 2-cone is an adjunction space (see Section 13.11 ) of the form 

( V *'''•) ^ ( V < ')• 

Equivalently it is the adjunction space of a cell attachment Wi — > Xx, where W2 = 
\fj e j 2 S nj and Xx are finite-type wedges of spheres and / 2 = VjeJ2 a f * s ^ e 

situation studied by Anick in | Ani89j . Let R — F where F = Q or F p with p > 3, or let 
i? C Q be a subring containing |. By the Hilton-Milnor Theorem H*(QXx; R) = UL Xl 
and — LV^ for some free .R-module V. Xx has Adams-Hilton model U(hV, 0). Since 
L Xl = we can define a map cr^ : L Xl — > ir*(QXi)®R right inverse to h Xl by choosing 
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(2) 

inverse images of V and extending to a Lie algebra map. Let L 2 = (Lx 1 IIL(yj )jej 2 , df) 
where d'yf = h Xx {af). 

If R = F, [L^] C is a Lie subalgebra of a free Lie algebra and so is automatically a 
free Lie algebra. Since the Adams-Hilton model for X\ has zero differential, by Lemma [TJ] 
if*(f2X 2 ; F) = gr(if*(f2A" 2 ; F)). Applying Theorem 0(i) we get the following isomorphism 
of algebras 

H*(QX 2 ;F) = U (Lg x L(#L 2 ) X ) . 
Furthermore by Theorem |EJ if a Xl h Xl — offl then the canonical map 

UL X2 -^H*(nX 2 ;W) 

is a surjection. 

If R C Q and is R-free then we can apply Theorem [D](i) to get that 

_£/*(fiX 2 ; -R) is torsion- free and 

H,(QX 2 ; R) = U [L x \ x L(ifL 2 ) 1 ) . 

Furthermore since 3 a Xl right inverse to h Xl , then by Theorem \F\ 

H^X 2 -Z[P X2 - l ]) = UL X2 

where gr(Lx 2 ) — L?x x L(ifL 2 ) 1 and localized away from P Xi , VtX 2 G This result 



is given in |Ani89 



In either case if f 2 is semi-inert then by part (ii) of Theorems O and [D] 

H*(ttX 2 ; R) = U (Ly H Lif (2) ) 

for some fsT (2) C F x H*{nX 2 \ R). URcQ then by Theorem E(iii) L Xa = Ly II L(#L 2 )i 
and there exists a map a X2 right inverse to /ix 2 - 



This last Lie algebra isomorphism proves a conjecture of Anick [Ani89, Conjecture 



4.9] in the semi- inert case. □ 
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Example 10.4. Spherical 3-Cones 

fa 

Consider the adjunction space X 3 of a cell attachment W3 — > X 2 where X 2 is the 
spherical 2-cone given above, W3 = Vjej 3 i s a finite-type wedge of spheres, and 
eJ 3 a j ■ -R be a subring of Q containing ~. Assume that H*(QX 2 ; R) = U L X2 
and that there exists a map ax 2 right inverse to hx 2 - Let L 3 = {Lx 2 H )j G j 3 ,d f ) 
where d'yf = h X2 (af). 

Assume L X J[L^} is R-free and for any p G P, [Zjg] n L x \ = 0. By Example [1031 
gr(Lx 2 ) — L^l x LV^ 2 ) for some free i?-module V^ 2 \ It follows that for any p G P, 
gr(Lx 2 ) = L^l x ~LV( 2 \ Then by Theorem \G\ for any peP, [-^x^l * s a ^ ree Lie algebra. 
That is, /3 is a free cell-attachment. Thus by Theorem lDl(i) we get that if*(f2X3; i?) is 
torsion-free and 

gx(H^X 3 ;R)) = U(L% x L^ (3) ). 
Furthermore since 3 o"x 2 right inverse to /ix 2 then by Theorem [FJ 

where gr(Lx 3 ) — Ly x L(PL 3 )i and localized away from Px 3 , ^X 3 6 
If in addition ^3 is semi-inert then by part (ii) of Theorem \D\ 

H,(nX 3 ;R)^U(Lf 3 UhK^), 

for some C FiF*(OX 3 ;i?), and by Theorem [FTiii), localized away from Px 3 there 
exists a map ax 3 right inverse to hx 3 - □ 

Example 10.5. Spherical X-cones 

Let Wfc ^ A fc _i -> X fc for 1 < k < N be a sequence of cell attachments (with 
adjunction space X&) with X = *, Wk is a finite-type wedge of spheres and X x « A. 
Assume R C Q containing ~. Vfc assume that L Xk _ 1 /[L x h _ ] is _R-free and that for any 
p G P, ] ^ ^x'^ = 0- I* 1 addition VA; assume that if fk is free then there exists a 
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map &x k _ 1 right inverse to hx k _ 1 - By Theorem [FJ a sufficient condition for this is that 
fk-i is semi-inert. 

Then by induction on Theorem \F} and Theorem [Gl if*(f2X; Z[Px -1 ]) is torsion-free, 
H*(VlX] UyPx^ 1 ]) — ULx as algebras and localized away from Px, fiX G □ 

Example 10.6. W — > X —>■ Y where X is co formal. 

Let W be a simply-connected finite-type wedge of spheres. Let X be a simply- 
connected topological space such that H*(QX; R) is torsion-free and has finite type. Let 
R C Q containing | or R = ¥ p where p > 3. Call X coformal if X has a model 
(see Section HJ| C/L(X) = U(L,0) [NM78J . For example, when R = Q, Neisendorfer 



and Miller |NM78] show that any compact n-connected m-dimensional manifold with 
m < 3n + 1, n > 1 and rank(PP(M; Q)) > 2 is coformal, where P(-) denotes the 
subspace of primitive elements. 

Let K be the adjunction space of a cell attachment W — > X. For a model for Y 
one can take U"L(Y) = U(L IILV^, d), where = and dVi C L. Assume that 
[dVi] C L is a free Lie algebra. Since the differential in L(X) is zero, by Lemma 1.1[ 
H,{QY; R) = gi{H,{QY; R)). 

By Theorems 0(i) and T3Ti) if L/[dVi] is torsion- free then 

H*(nY;R) = U((HL(Y)) x L(^L(Y)) X ) where (PL(Y)) = L/[dV x }. 

□ 

Example 10.7. X is a finite- type CW-complex with only odd dimensional cells. 

Let X^ denote the n-skeleton of X. From the CW- structure of X, there is a sequence 
of cell attachments for k > 1. 
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where W^fc is a finite wedge of (2A;)-dimensional spheres, X^ 2k+1 ' is the adjunction space 
of the cell attachment and X^ = *. Assume R C Q containing ~. Let Pxw be the set 
of implicit primes of (see Section I4T4T ) . We will show by induction that 

where L X ( 2 k+i) S LV( 2fc+1 ) with ^/( 2fc+1 ) concentrated in even dimensions. In addition 
localized away from P X (2k+i), f2X( 2fc+1 ) 6 [|5 and there exists a map cx X (2fc+i) right 
inverse to h X {2k+\). 

For = these conditions are trivial. Assume they hold for k — 1. Let L = (L^k-i) II 
LiT, d') where K is a free P-module in dimension 2k corresponding to the spheres in W 7 ^- 
For degree reasons L^ 2 *j._ 1) = d'{K) = 0. So /2/c+i is automatically free. Furthermore L 
has zero differential so PL = LV^ 2 * 1-1 ) II LP. Thus f2k+i is semi-inert. By Theorem \F\ 

P,(fiX( 2fc+1 );Z[P x( 2 fc+1 )- 1 ]) = UL x{ 2k+i), where 

L x(2fc+1 ) i^S+iJ H LP L^ (3fc -i) H LP L(V (2fc - 1} © P). 

Also by Theorem \F\ localized away from P X (2fc+i) , QX^ 2k+1 ' e FJ 5, and there exists a 
map a X (2k+i) right inverse to h X (2k+i). 

Therefore by induction P*(f2X; ZfPx^ 1 ]) — ULx, where Lx — LV and localized 
away from Px, QX g[]5. □ 

10.2 Open questions 

The results of this thesis naturally lead to the following open questions. 

• Is there a dga extension A which is free such that gr(PA) ^ PA as algebras? 

• If H(A, d) is P-free and as algebras H(A, d) = UL for some Lie algebra L then 
is there a dga extension (A II TV, d) for which one cannot choose a Lie algebra L 
d'V C L ? 
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• If so, do any of these come from cell attachments, or have (A,d) = U(L, d)7 

• Let R = Q or ¥ p where p > 3 and let (A, d) be a free dga extension of ((A, d), L ). 
By Theorem \K\ as algebras H(A,d) ^ UV where V = (HL) x L(HL)i. Let 
A = A II TV be a dga extension of A with induced map d' : V — > L' such that 
[d'V] fl (Hh)o — 0. By Theorem \G\ A is a free dgL extension. Do the relations 
which are obstructions to the semi-inertness of A necessarily come from the anti- 
commutativity and Jacobi relations (as in Examples 12.131 and 12.141 )? 

• Is there a finite CW-complex X such that H*(QX; R) is i?-free and H^IQX; R) = 
ULx as algebras but there does not exist a map ax right inverse to hx even after 
localizing away from finitely many primes? 

• One of the forms of the semi-inert condition, namely that gr 1 (ifA) is a free 
gr (_f/'A)-bimodule, can be applied to more general differential graded algebras 
than those studied in this thesis. J.-M. Lemaire has suggested that the condition 
that the two-sided ideal 

(dVi) ciisa free A-module (10.2) 

be taken as the free condition for more general dga's. (For the dga's in this thesis, 
( 110.21 ) follows from the free condition by Lemma 15.71 Can Theorems \A\ and \B\ be 
generalized by using these conditions? 
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